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Preface 



This work is about improvements to multidimensional Hardy inequalities. We focus 
in two main directions: 

(i) to obtain sharp homogeneous remainders to weighted Hardy inequalities, 
and 

(ii) to obtain optimal Sobolev-type remainder terms to Hardy inequalities for 

p > n. 

More precisely, regarding (i) we obtain homogeneous remainder terms to weigh- 
ted Hardy inequalities (abbreviated HI) involving distance to the boundary of subsets 
of R" with finite inner radius. The improvements obtained are in some sense optimal. 

For a domain Vt of class for which miy^^Q^ T^{y) > 0, where T-i{y) is the mean cur- 
vature of the boundary at y G dVt, we obtain an optimal homogeneous improvement 
to the -weighted HI with a lower estimate for the best constant of the remainder 
term. To this end we prove that the distributional Laplacian of the distance function 
to the boundary of a C^-smooth set is a signed Radon measure with nonnegative sin- 
gular part, and absolutely continuous part satisfying {-/\d)ac > {n ~ 1) infy^zQn'H^y) 
a.e. in Q. This leads to the fact that a C^-smooth domain is mean convex if and only if 

—Ad > 0, in the sense of distributions in Q. {€) 

Note that condition (CC) has been shown in IIBFTl l to be enough for the Hardy 
inequality to hold (without any smoothness condition on the boundary) . 

An upper bound involving the total mean curvature is obtained also for the best 
constant of the remainder term in the -weighted HI mentioned above. These upper 
and lower bounds coincide when the domain is a ball, and in this particular case we 
achieve a finite series of optimal remainder terms with best possible constants. This 
is in contrast to the results for the case withp > 1, where an infinite series involving 
optimal logarithmic terms can be added. 

Regarding (ii), we improve the sharp HI involving distance to the origin in case 
p > n, by adding an optimal weighted Holder seminorm. To achieve this we first 
obtain a local improvement. Partial results are obtained when the distance is taken 
from the boundary. We also obtain a refinement of both the Sobolev inequality for 
p > n and the HI involving either distance to the origin, or distance to the boundary, 
where the HI appears with best constant. 
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Notation 



Throughout this thesis: 

- The letter n will always denote a positive integer. 

- M" stands for the n-dimensional Euclidean space. 
- 1 a; I is the Euclidean length of a; e M". 

- Q is the closure of the set c M"^. 

- If C M" is open, then by dQ we denote the boundary of Q, i.e. dfl = fl\fl. 

- The characteristic function of a set c is denoted by xn- 

- Vm is the Gradient and Au is the Laplacian of a real valued smooth function u. 

- div T is the Divergence of a smooth vector field T. 

- sprt{M} is the support of a continuous function u. 

- A domain is an open and connected subset of W. 

- The Lebesgue measure on is denoted by 

- By Br{x) (resp. Br{x)) we denote an open (resp. closed) ball ("disk" if n = 2) 
having radius r > and center atx e M". When the center is of no importance we 
simply write Br. 

- The volume of Bi is denoted by i.e. Un := = 7r"/^/r(l + n/2), where T 
is the Gamma Function defined by r(a;) := t^~^e~^dt; x eR. Thus the surface area 
ofdBi is nUn- 

- If Q c is open then by C°°{Q) we denote the set of functions defined in Q 
which are infinite times differentiable with respect to any variable. 

- By C~(Q) we denote the subset of C°°{Q) comprised of functions having com- 
pact support in Q. We will always extend every function in C~(n) to be zero outside 
it's support. 

- If c R" is open andp e [1, oo] then U'{Vt) is the set of all measurable functions 
M : r2 ^ R, such that 




X 



- L^oci^) is the set of all measurable functions u : Q ^ R, such that u e U'{V) for 
each compact set V cfl. 

- If Q c is open and p e [1, oo), then we say that a function u e Ljod^) belongs 
to the Soholev space W'^'^{Vl) if m g LP{Vt) and the weak first partial derivatives with 
respect to any variable exist and belong to U'{Vt) as well. It is a Banach space under 
the norm 



- If c is open and p e [1, oo), then we denote by wI'^{Vl) the closure of C^{Vt) 
under the norm of W^''p{Q) . 

- Let Q, be an open subset of and u e L^{Q). We say w is of bounded variation in 
Q if it has finite total variation in where 



total variation of in Q := sup < u div (pdx; e C^{^; IR") with || |0| ||L°°(n) < 1 



We denote by BV{fl) the set of all functions having bounded variation in Q. It is a 
Banach space under the norm 

:= 1 1 -u 1 1 Li (o) + total variation of win fi. 





- The symbol ■ means end of proof while the symbol □ denotes end of example, 
or end of remark. 
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Chapter 1 
Introduction 



Scaling invariant inequalities involving integrals (possibly weighted) of functions and 
their derivatives in various powers, constitute a basic tool in analysis, in the theory of 
partial differential equations and in the calculus of variations, see [Br), ]Gq[ , IHLPI . 
ILbLl . IILSUi . [Mz2J . IMrr l. |N1 and |St|. In addition they find various applications in 
several branches of geometry and physics; see for instance |Lb|, ISlO, IZhl . Some 
essays on this kind of inequalities and the spaces that they indicate are lAdFI . iLnl . 
IMin . ppK) . 

In the three last decades a lot of attention has been given to improved versions 
of some of the aforementioned type inequalities. By improved it is usually meant 
that one considers the initial inequality and adds a positive term in the least hand 
side. Of course this is not always possible. Nevertheless, when possible, resulted 
inequalities play an essential role in the theory of partial differential equations and 
nonlinear analysis. They are used for instance in the study of the stability of solutions 
of elliptic and parabolic equations (see for example |BrV|, |FT|, IDNJ. iGkll, |PV1), in 
the study of existence and asymptotic behavior of solutions of heat equations with 
singular potentials; see for instance IIBrNI . ICMI . IDDI . IIGPI . NZ\ , as well as in the 
study of the stability of eigenvalues in elliptic problems (see ID3I . MFlHThl ). 



1 . 1 Sobolev inequalities vdth remainder terms 

Two important inequalities of the kind described above were proved by S. L. Sobolev: 
(I) Let 1 < p < n; n > 2. There exists a constant S{n,p) > such that for all 

l/p / \ {n-p)/np 

iVMl^dxl >S{n,p)\ [ |M|"P/("-P)dx I . (1.1) 




This inequality is optimal in the sense that it fails if np/{n - p) is replaced by any 
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number q > np/{n — p). The best constant 



S{n,p) =n^/\/7T 



r(7i/p)r(l + n — n/p) 



1/n 



n 



p 



p — 1 



i~i/p 



r(l + n/2)r(n) 
and the family of extremal functions 

UaA^) = "[1 + - a^or^^^l^^"/^; a ^ 0, /3 > 0, xo G 



(1.2) 



for X G M", have been found simultaneously in |A1 and ITUI . 

(II) Ifp>n> 1 and Q is an open set in M" with finite volume then there 

exists a constant s{n, p) > such that for all u e C^{Q) 



snp\u{x)\ < s{n,p)[C''{n)] 



1/n—l/p 




1/p 



Vu\Pdx 



(1.3) 



This inequality is also optimal in the sense that it fails ifl/n-l/pis replaced by any 
exponent q<l/n-l/pon C"-{Q). The best constant 



s{n,p) 



1\ i-i/p 



n 



and the family of extremal functions 



a 



-n)/(p-l) _ 



X — Xq 



(p-n)/(p-l)l. 



a ^ 0, (3 > 0,xo e 



(1.4) 



for X e BAxq) and K 



a,j3 



X 



otherwise, have been found in liTl2j . 



We can easily verify that the family of functions Ua,i3 defined in (11.21) belong to the 
space W^'PiW") and thus the constant S{n,p) in (ILlt is achieved. If we replace M" by 
an open set i7 C then (II. Il l still holds for any u e C^{Q). In this case it is well 
known that: the constant remains optimal but it is no more attained by some function 
in the corresponding Sobolev space Wq^^Q). This fact was interpreted in a quantita- 
tive form by H. Brezis and L. Nirenberg in their highly cited paper |BrN|, where they 
estimate from below the difference of the two sides of (II. Ill in the case p = 2. Their 
result can be stated as follows: 

Brezis, Nirenberg (1983) -Assumeil isadomain inW; n>3, withCiVt) < oo and 
letl < q < n/{n-2). There exists a positive constant C{n,q) such that for all u e C^{Q) 



\Vu\Mx- S\n,2) 




(n-2)/n- 



«|2"/(-2)da; 



1/2 



> 



C{n,q) 



[£"(fi)]V'?-(n-2)/2n 




1/g 



ul'^dx 



(1.5) 



1.2 Hardy inequalities with remainder terms 



3 



Moreover, (i) the above estimate fails for the critical case g = n /{n - 2), (ii) the sharp 



This surprising result shows the existence of remainder terms in Sobolev's inequality 
(ll.ll) . The direct generalization of (I1.5D for p e {l,n) was given in |EPTr|. In [BrLJ 
the authors substitute the L'^ norm on right hand side of (11.51) by the weak-L"/("~^^ 
norm, and also (even more strongly) by the weak-L"/("~^) norm of the length of the 
gradient (see also lAlv] for some weak- type remainder terms). In addition, a direction 
initiated in |BrL| for p = 2 is to consider functions not necessarily vanishing on dQ, 
so that a trace remainder term appears. The full picture for other values of p g (1, n), 
was completed in |MV| . 

Another open question in IIBrLI (for p = 2) asked if one can bound in some natural 
way the difference of the two sides of (11.111 in terms of the distance from the set of the 
extremal functions Ua,^- In fBEgnl , a quantity that measures the distance between Vu 
and VUa,j3 was added on the right hand side of (II. Il l for p = 2. Recently a result for all 
values of p g {l,n) was obtained in I CFMPrI where the functional asymmetry of u, a 
quantity that measures the distance between u and the family Ua,p, was added on the 
right hand side of (II. Il l . The analogous result for (11.31) had been given earlier in O . 

Finally, a different direction in strengthening Sobolev's inequality without remain- 
der terms being involved was given in |LYZh|. In that work the L^-norm of the length 
of the gradient of u in (11.11) is replaced by a smaller quantity called the affine energy oi 
u, which is additionally invariant under affine transformations of M". The analogous 
result for (11.31 1 is in iCLYZhl . For a simplified approach we refer to jAlBB j . 

1 .2 Hardy inequalities vdth remainder terms 

Another well known family of scale invariant inequalities consists of Hardy inequali- 
ties. These involve the distance function usually taken from a point or from the boun- 
dary of a set; see for instance iHLPl . ICKNl . 10,101], ||D2]), IMzTI . M and | |OpK) . 

Distance to the boundary. We denote a generic point in M" by x = (x', where 
x' = (xi, Hardy's inequality in the half space M" := fi {x„ > 0}; n > 2, 

asserts that if p > 1 then for all u e C^(Rl) 



It is well known that the constant appearing on the right hand-side is sharp and is not 
attained in Wq''^(RI). V. G. Maz'ya in fMzTI -§2.1.6 replaced the L^-norm of the length 
of the gradient in dl.ll l for p = 2 by the sharp Hardy difference on R" (implied by (11.61) ) 
for p = 2. More precisely 





(1.6) 
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Maz'ya (1985) - There exists a constant M{n) > depending only on n, such that for 

ID 

\Vu\Mx - - / ^dx I > M{n) I / |Mp"/("-2)dx I . (1.7) 

n 



4 ./Tan X 



+ 




The existence of extremals for n > 4 has been established in |iTT| where it is proved 
that the best constant M(n) in HI .71 1 satisfies M(n) < S{n, 2) for all n > 4, where 
S{n, 2) is the best constant in Sobolev's inequality lll.ll l for p = 2. The best constant 
for n = 3 is found independently in IBFrLI and |MncS|, and surprisingly one has 

M(3) = 5(3,2). 

A version of (11.71 1 in more general domains was given in PFMzTSl . Let us recall first 
that in IBFTIJ the authors proved the following Hardy inequality involving distance 
to the boundary that generalizes (II. 6L 

Vu\Pdx > f^^^Y [ y^dx, (1.8) 



Q ^ P ^ Jq dP 

for all u G C^{Q). Here d{x) := dist(x, M" \ Q) and f2 C R" is any domain satisfying 

-Ad > in the sense of distributions in Q. (£) 

They also proved that: under condition (£) , the constant on the right hand-side o/ (ll.8l) 
is optimal. Note here that no smoothness assumption on the boundary is imposed. 
In IFMzTll and I FMzTSI it is proved that if Q is smooth enough and has finite inner 
radius, then one can replace the L^-norm of the length of the gradient in dl.ll) for 2 < 
p < nhy the sharp Hardy difference on Q. Their precise statement reads as follows: 
Suppose condition (C) is valid for a domain Q having finite inner radius and boundary 
of class C^. Then letting2 < p < n, there exists a positive constant C{n,p,Q) depending 
onn,p andQ, such that for all u e C^{Q) 

l/p / X in-p)/np 

\Vu\Pdx-(^^^Y I ^dx) >C{n,p,n)l / |Mrf/("-fMx I . (1.9) 




For an analogous condition and results for domains having infinite inner radius see 
lGk2l . Recently, in iFrLI the dependence of the constant C{n,p, Q) on Q was dropped 
when the domain is convex. Let us note here that condition ((C) is more general than 
convexity for n > 3, and equivalent to convexity for n = 2. 

Instead of having a Sobolev norm as a remainder term, one may look for different 
kind of improvements. In this direction H. Brezis and M. Marcus have considered 
homogeneous remainder terms: 



1.2 Hardy inequalities with remainder terms 
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Brezis, Marcus (1997) - Assume Q is a bounded convex domain inW^; n > 1, and 
setD := diam(r]). Then for all u e C^{n) 

\Vu\'dx --! M!dx >- I M!x2(d/D)dx, (1.10) 
^ Jn d 4: Jq a 

whereX{t) = (l-logt)"\ t e (0, 1]. Moreover, the weight function is optimal in the 
sense that the power 2 cannot be decreased, and the coefficient I / A on the right hand 
side is sharp. 

This result has been generalized in many aspects in IIBFTll . IIBFT2I : all values of 
p e (1, oo) were considered, domains merely satisfying condition (£) and having fi- 
nite inner radius were allowed, and an infinite series involving iterated logarithmic 
potentials (in some sense optimal) was added. 

Distance to a point. Another well-known version of Hardy's inequality asserts that if 

n,p>l withj9 ^ n, then for all u e C^{W \ {0}) 



n — p 



p 



\u 


p 


\x 


p 



dx, (1.11) 



where the constant |(n - p)/p\^ is sharp. In contrast to (II. ID . the sharp constant is 
not attained by some function in the corresponding Sobolev space (which is W^'^iM."') 
when 1 < p < n and 14^^'P(M" \ {0}) when p > n). Motivated by |BrN| and |BrL|, it is 
natural to ask if one can have remainder terms on the right hand side of (II. lH . More 
precisely, one might ask wether an inequality of the form 

p/q 

n — p 




\Vu\Pdx> J ^dx + C\ I \u\''V{\x\)dx 

holds for some nontrivial potential function V > 0, some g > and some positive 
constant C = C{n, p, q). The authors in IdPDFTJ explain that this is not true by testing 
the above inequality with the function 



Ue{x) 



|^|(p-ra)/p+£^ ^ ]^ 



and taking the limit £ | 0. 

If we replace R" by a bounded open set f2 c M" containing 0, then (II. lH continues 
to hold for any u e C^{Q \ {0}) and the constant \ {n-p) /p\P remains optimal. It turns 
out that in this case one can have remainder terms. 

In their pioneering work IBrVI . H. Brezis and J. L. Vazquez improved Hardy's in- 
equality dl.llD in the case p = 2 as follows 



6 



Introduction 



Brezis, Vazquez (1997) - Let^l be a domain inW; n>3, withC{VL) < oo andO e Vl. 
Ifl<q< 2n/(n-2), then there exists a constant C{n,q) > such that for all u e C^{Q) 

Moreover, the constant C{n, q) equals the first eigenvalue of the Dirichlet Laplacian for 
the unit disk in and it is optimal when Q is a ball in M" centered at the origin and 
q = 2, independently of the dimension n > 2. 

This result motivated many mathematicians to look for remainder terms to Hardy's 
inequality dm); lAbdCPI . lAdChRI . lAlvWl iBFTTl . iBFT2l . ICFl . ICPl . MGGrMI . IRSWI . 
IIVZI and | WW] . In Problem 2 of IBrVI , the question of whether there is a further im- 
provement in the direction of the inequality (I1.12D is posed. An optimal answer was 
given in [FT | , where it was shown that the critical exponent q = 2n/{n — 2)is possible 
after considering a logarithmic correction weight for which the sharp exponent was 
given. More precisely it is proved that: ifQ is a bounded domain in M"; n>3, contai- 
ning the origin, then there exists a positive constant C{n) such that for all u e C^{Vt) 

/ \ (n-2)/2n 

>C{n)lj |M|2"/("-2)xi+"/("-2)Q^|/^)^^j ^ (^_;^3) 

where D — sup^jgfj |x| andXit) — (1 — logt) ^, t G (0, 1]. Moreover, the weight function 
j5^i+ri/(n-2) ^-^ optimal In the sense that the power l + n/{n-2) cannot be decreased; see 
lAdFTl for a second proof where in addition the best constant C{n) is obtained. 



1.3 Main results 

The contribution of this thesis to the study of remainder terms in Hardy inequalities 
splits in two parts. 

1 .3. 1 Part I: Hardy inequalities with weights 

Recall that Hardy's inequality involving distance from the boundary of a convex set 
1] C M"; n > 1, asserts that 

/" iVwI^'da; > f^^y /" ^dx, p > 1, (1.14) 
Jn ^ P ^ Jn dP 

for all u G C^{n), where d = d{ x) := dist(x,R" \ n). Due to iHLPl . IMtskSI and 
IMMPJ the constant appearing in 111.141) is optimal. After the pioneering results in 
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fMzll (see inequality (11.71) 1 and IIBrMI (see inequality Hl.lOD l. a sequence of papers 
have improved (11.141 1 by adding extra terms on its right hand side, see for instance 
IH-OU . iTdbl l. |Tdb2|, |EH-S|, |BFT2|, I BFTSl . HFMzTS I. fFm, fFrL], fBFrLI and pri- 
marily IBFTll and |FMzTl|, |FMzT2| where it was also noted that (11.141 1 remains valid 
with the sharp constant in more general sets than convex ones, and in particular in 
sets that satisfy -Ad > in the distributional sense (condition (CC)). 

In the case p = 1, (11.1411 reduces to a trivial inequality, at least for sets having 
non positive distributional Laplacian of the distance function. However, in the one 
dimensional case, the following weighted Hardy inequality is well known: 

^dx >(.-!) r^dx; .>1, (1.15) 



for all absolutely continuous functions u : [0, oo) M, such that u{0) = 0. This is the 
special case p = 1 of Theorem 330 in the classical treatise of G. Hardy, J. E. Littlewood 
and G. Polya, |HLP| . Inequality dl.lSI) becomes equality for u increasing and thus the 
constant on the right hand side is sharp. 

Assume now that Qisa domain satisfying condition {€) : 

-Ad > in the sense of distributions in Vt. {€) 



Without much effort (see Remark |221 in the present thesis) one can see that both 
(11.141) and (11.151 1 can be generalized as follows 

-dx> / ^dx, (1.16) 



is 



d^-p - V p J d- 

valid for any s > l,p> 1 and any u e C^{Q). Further, we may follow IBFTll to prove 
that if Q has in addition finite inner radius, then for all s > l,p> 1 and any m g C^{Q) 
we have 



Vm|^ fs-l\p f \u\P , lp-l/s-l\p-2 f \u 



n 



d-'-P ^ P y Jn d' 2 p \ p J d 



dx- '-^dx>-^ '-^X\d/D)dx, (1.17) 



where D = B{n,p, s) sup ^^^d^x) and X{t) = (1 - logt)"^; t G (0,1]. The weight 
function is optimal in the sense that the power 2 cannot be decreased, and the 
constant on the right-hand side is the best possible (see §2.2 of the present thesis). 
We point out that as p | 1 the right hand side vanishes. This motivated us to search 
for remainder terms in the limit case p = I, that is to search for an inequality of the 
type 

[ ^-^dx>{s-l) [ ^-^dx + Bi [ V{d)\u\dx; s>l, (1.18) 
Jn Jn Jn 

valid for all u G C^{Q). Here Bi e R and V is a potential function, i.e. nonnegative 
and V G L^^g^(M+). Questions concerning optimal inverse distance power potentials. 
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sharp constants for the remainder term and possible further improvements will be 
studied. In this direction our first result states 

Theorem I (i) LetQ be a domain in M" with boundary of class satisfying a uniform 
interior sphere condition and we denote byT± := iniy^^dn 'H(y) the infimum of the mean 
curvature of the boundary. Then there exists Bi >{n- 1)2£ such that for all u e C^{Q) 
and all s > 1 



(ii) Lets > 2. IfQ, is a bounded domain inW- with boundary of class having strictly 
positive mean curvature, then the constants- 1 in the first term as well as the exponent 
s-lon the distance function on the remainder term in U.190 , are optimal. In addition, 
we have the following estimates 



whereHiy) is the mean curvature of the boundary at y e dQ, andH := minygan'H(y) is 
its minimum value. 

We stress that in part (i) no other condition than smoothness of the boundary is im- 
posed on Vt. Thus the second term on the right hand side of (I1.19D is a remainder term 
in case H > only. 

The following result, which is of independent interest, played a key role in establi- 
shing Theorem I and is proved in §3 of this thesis: 

Theorem II LetVt c M" be a domain with boundary of class satisfying a uniform 
interior sphere condition. Then fi := {-Ad)dx is a signed Radon measure on Q. Let 
fj' = fj^ac + fJ's be the Lebesgue decomposition offi with respect to i.e. fiac < ^C" and 
fis-LC^. Then /is > inQ, andfiac > {n- l)]±dx a.e. inQ, whereK ■= inf y^s^T-L^y). 

An easy consequence of Theorem II is 

Corollary Letfl be a domain with boundary of class satisfying a uniform interior 
sphere condition. ThenVt is mean convex, i.e. V-iy) > for ally e dQ, if and only if 
-Ad > holds in Q, in the sense of distributions. 

We emphasize that a set f2 C W with distance function having non positive distribu- 
tional Laplacian, is shown in IBFTTl . fBFT2|, IBFT31 and |FMzTl|, |FMzT21, l,FMzT3l 
to be the natural assumption for the validity of various Hardy inequalities. 

In special geometries we are able to compute the best constant Bi in II1.19D : 

In case ^7 is a ball of radius R then the upper and lower estimates (11.201 1 coincide, 
yielding i3i = {n - 1) / R, i.e. 




(1.19) 




(1.20) 
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One then may ask if II1.21I I can be further improved. We provide a full answer to this 
question by showing that for s > 2 one can add a finite series of [s] - 1 terms on the 
right hand side before adding an optimal logarithmic correction. More precisely we 
prove the following 

Theorem III Let Br be a ball of radius R, then: (i) For all u e C^{Br), a/Zs > 2, 7 > 1, 
there holds 

[s]-l 

f \Vu\ , , X /" |mI n — 1 f \u\ , C [ \u\ d \ , , 

y^^Lia. > (.-i,y^^u,.,g_y^^jj^d.^_y^^u^.(_)a.. ,1.22, 

where X(t) := (1 - logty^, t e (0,1] andC > 7 - 1. The exponents s and s - k; 
k = 1,2, [s] - 1, on the distance function, as well as the constants s - 1, {n - l)/R''; 
k = 1, 2, [s] - 1, in the first and the summation terms respectively, are optimal. The 
last term in U.22d is optimal in the sense that ifj= 1, there is not positive constant C 
such that l[1.22d holds. 

{ii) For all u e C^{Br), alll < s < 2,'y > 1, there holds 

^%>is-l)[ Md. + ^/ ^X^(4)d., (1.23) 



where X{t) := (1 - logt)~\ t e (0, 1] andC > 7 - 1. The last term in fi.23D is optimal 
in the sense that if'y = 1, there is not positive constant C such that fi.23D holds. 

Remark. Let us make clear in what sense the added terms on the right hand side of 
(II.22II are optimal. For any s > 1 set 

Then for any s > 2 we prove that 

JoM [ (^-1)/^, if/3 = s-l 
mi -J — = < 

nec-(BB)\{0} /^^ l^dx [0, if /3 > s - 1. 

Thus, 

and this is the optimal inverse distance power remainder term with best constant, to 
the weighted Hardy inequality Io[u] > 0. Next, for any s > 3 we prove that 

.^^ W-^/B.II^dx / {n-l)/R\ ifp = s-2 
ugcs^TbrMo} L ^dx \ 0, if/3>s-2. 
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Thus, 

and this is the optimal inverse distance power remainder term with best constant, to 
the weighted improved Hardy inequality (I1.24I I. We proceed in the same fashion 
for s > 4, and for precisely [s] - 1 steps. 

Note that this is in contrast with the results in case p > I, where an infinite series 
involving optimal logarithmic terms can be added (see IBFT2I 1 and ( IBFT3I 1. 

In case Q is an infinite strip, using a more general upper bound on Bi (see Theorem 
14.221 1, we prove that Bi = 0. As a matter of fact the finite series structure of (11.2211 
disappears and only the final logarithmic correction term survives. More precisely 

Theorem IV Lef^R bean infinite strip of inner radius R. Forallu e C^{Sr), alls > 1, 
7 > 1, there holds 

^^'dx>(.-l)/ ^-$dx + ^f ^4xii]dx, (1.25) 



where C > 7 - 1. The last term in i 1.2 Si) is optimal in the sense that ifj = l, there is 
not positive constant C such that (1.250 holds. 



1.3.2 Part II: Hardy- Sobolev type inequalities for p > n 

Motivated by the aforementioned results of IBrVl . IFTl . IFMzTSi and IFrLI and the 
fact that other type of improvements in Sobolev's inequality (like functional asym- 
metry and affine energy) have been extended to all values of p > 1, it is natural to 
consider the cases where 1 < p < n for (I1.13D and the counterpart to II1.13D and 111.91) 
inequalities forp > n. 

Some results in the direction of extending 111.121 1 and (11.131 1 in the range 1 < p < 
n, were obtained in lAdChRl -Theorem 1.1, IBFTIJ -Theorems B, C and 6.4 and also 
in P AbdCPl -Theorem 1.1. We focus in the case where p > n. Our aim is to provide 
optimal improvements to the sharp Hardy inequalities dl.lll l and (11.811 for p> n. 

Distance to a point. First we improve both (II. lH and (11.31 1 by replacing the L^'-norm 
of the length of the gradient in (11.31 1 with the sharp U' Hardy difference involving 
distance to the origin: 

Theorem V Suppose is a domain m M"; n > 1, containing the origin and having 
finite volume Lettingp > n, there exists a constant C{n,p) > such that for all 

ueC^in\{0}) 

sup\u(x)\<C(n,p)[C''(n)Y/''-^/p( [ \\/u\Pdx- (^^^Y [ \^dx'\ . (1.26) 
x&n \Jn \ p J Jn \x\p / 
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We go even further. Let us first recall that C. B. Morrey sharpened Sobolev's inequality 
for p > n > 1 by replacing the supremum norm in HI .31 1 with an optimal Holder semi- 
norm. What he showed is that there exists a positive constant C{n, p) depending only 
on n,p, such that 

sup | K^) -;(^)i |<c(^,p)f / iv.rdxV'', (1.27) 



for all u G C^(R"), and the modulus of continuity 1 - n/p is optimal. It is possible 
to replace the L^-norm of the length of the gradient in 111.271) with the sharp Hardy 
difference implied by (II. lH . only after considering a logarithmic correction weight 
for which we obtain the sharp exponent. The central result of iPs2l is the following 
optimal Hardy- Morrey inequality 

Theorem VI Suppose Q is a bounded domain mR"; n > 1, containing the origin and 
letp > n. There exist constants B = B{n,p) > 1 andC = C{n,p) > such that for all 
u e C»(S1 \ {0}) 




where D = B diam{Q) and X (t) = (1-logt) ^; t G {0,1]. Moreover, the weight junction 
X^^p is optimal in the sense that the power 1 /p cannot be decreased. 

Note that since p> n one is forced to consider functions in C^iW \ {0}), i.e. sup- 
ported away from the origin. This excludes symmetrization techniques as a method 
of proof. Thus we turn to multidimensional arguments and in particular in Sobolev's 
integral representation formula. The first step is to show that (11.281 1 is equivalent to 
it's counterpart inequality with one point in the Holder semi-norm taken to be the 
origin; see Proposition 15. 4[ In establishing Proposition [53] a crucial step is obtaining 
estimates on balls B.^. intersecting Q, and with arbitrarily small radius. To this end the 
following local improvement of the sharp Hardy inequality which is of independent 
interest is proved: 

Theorem VII Suppose Q, is a bounded domain inW] n > 2, containing the origin and 
letp > n andl < q < p. There exist constants Q = Q{n,p,q) > andC = C{n,p,q) > 
such that for all u e C^{Q \ {0}), any open ball Br withr e (0, diam(i7)), and any 
D>e^ diam(fi) 

whereX{t) = (1 - logt)-^ t g (0, 1]. 
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The exponent 1 /p on the logarithmic factor X^/^ is translated as the optimal exponent 
in (I1.28D . To obtain this exponent in (11.291) we carefully estimate a trace term on the 
boundary of B,.. Let us note here that if one restricts to the family of open balls Br 
containing the origin, then Theorem VII remains valid for p < n (with the factor ((n — 
p) IpY instead of ((p - n) /pY in the Hardy difference). 

We finally note that the second important ingredient in the proof of Theorem VI is 
to show the optimality of the exponent 1 /p. This is done by finding a suitable family 
of functions that plays the role of a minimizing sequence for inequality (11.281 1 . 

Distance to the boundary. Next we improve both dl.lll) and (11.31 1 by replacing the 
L^'-norm of the length of the gradient in (I1.3D with the sharp L'p Hardy difference in- 
volving distance to the boundary: 

Theorem VIII Suppose Vt is a domain in M"; n > I having finite volume C"-{Vt) and 
such that condition (C) is satisfied. Letting p > n, there exists a constant C{n,p) > 
such that for all u e C^{Q) 

(\ i/p 
j - (^^^^y J ^-^dxj . (1.30) 

The analogous to Theorem VI in the case where Q is the ball Br reads as follows 

Theorem IX Let p > n > 2. There exist constants b = b{n,p) > 1 andc = c{n,p) > 
such that for all u e C^{Br) 

u{x)-u{y)\ vi/.p( \x-y\ \\ 



sup 




R 



1/p 

Ht 1 



iVMl^da; - (- — - ]' I ^dx 1 , (1.31) 



where D = 2bRandX{t) = (1 -logt)-^; t e (0,1]. 

We do not know if the exponent 1 /p cannot be decreased. In fact this is the case in 
the one dimensional case. More precisely we have the the following result 

Theorem XLerp > 1. There exist constants b = b{p) > 1 andc = c{p) > such that for 
allu e C^{{0,R)) 

\u{x) -u{y)\^-^/p/\x-^\>i ^ 



|a;-|/|i-Vp V D 



sup 

'p —l\p f \u 








p 



un.-r—) ^d.| , (1.32) 



where D = bR andX(t) = (1 - logt) ^ t G (0, 1]. The weight function X^/p is optimal 
in the sense that the power 1/p cannot he decreased. 



Chapter 2 
Preliminary results 



In this chapter we gather various inequalities which will be used in this thesis. In 
particular in §2.1l we will prove various multidimensional weighted Hardy inequali- 
ties, most of which are weighted versions of the results in liBFTlJ . The results will be 
used intensively throughout §5] and ^|6l In ^2.2l we will prove the well-known Sobolev 
inequalities. For 1 < p < nwe give a proof based on the one dimensional weighted 
Hardy inequality. For p > nwe give the classic proof, which is the one we adopt later 
in g5]and M 



2. 1 Hardy inequalities vdth weights 

Our aim in this section is to obtain higher dimensional versions of the following theo- 
rems 

Theorem 2.1. Let s l,q > 1 and R G (0,oo]. For all v G W^''^{{0,R)) such that 
v{R) = Oifs< 1, orv{0) = Oifs> 1, there holds 



-dt> 



^dt. (2.1) 



The constant is the best possible. 

This is Theorem 330 in the classical book fHLF|. The non-weighted inequality, i.e. for 
s = q > 1, was established earlier by Hardy and Landau (see |Hrd| and fLndl). When 
R < oo and s > 1, we can easily obtain the following equivalent statement 

Theorem 2.2. Lets > l,q>l andR G (0, oo). For all v g ^^^'^((O, R)) there holds 

dt> —^) / ^dt, (2.2) 



9 \ q / Jo d 
where d = d{t) = mm{t, R-t). The constant is the best possible. 
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2.1.1 Trace inequalities 

We start with the multidimensional counterpart of Theorem 12. 1[ It is a consequence 
of the following Lemma (see the remark that follows it) which states the trace Hardy 
inequality with weights involving distance to the origin. It's proof consists merely of 
an integration by parts and Young's inequality. 

Lemma 2.3. LetV he a domain mM"; n > 2, having locally Lipschitz boundary. De- 
note by z7(x) the exterior unit normal vector defined at almost every x g dV. For all 
q > 1, alls n and any V e C^(]R" \ {0}), there holds 



, s 
-ax 



n 



s — n 



q-2 



Proof. Integration by parts gives 



X 

\x\' 



■dx 



I V I div 



and since div(x|x| 



-dx > (s 



V 

— (s — n)\x\ 
If I 



dV 



X 



\x\ 



:x ■ h'{x)dSx > 



s — n 


1 f \v\ 


1 


Jv 



-dx. 



(2.3) 



^dx + 



we get 



av 



\x\ 



■ i^dS^, 



n] 



\x\ 



V 



\x\ 



-dx + 



dV 



\v\ 



\x\ 



\x 



s-l 



dx > —(s — n) 



V 



\x\ 



-dx — 



X ■ i^dSx, if s > n, 
^1 -> 

— x ■ udSr, if s < n, 



dV 



\x\ 



where we have also used the fact that |V|t;(a;)|| < \Vv{x) \ for a.e. x e V (see iLbLl - 
Theorem 6.17). We may write both inequalities in one as follows 



\Vv\ 



V P 



dx 



n 



\v\ 



■X ■ udSr > Is 



n\ 



"^l JdV p| 



-dx. 



V Pl 



This is inequality 112.31 1 for g = 1. Substituting v by |f I'' with q > 1, we arrive at 



n\ 



\Vv\ 


\v 


q-1 




X 


s— 


1 



dx 



n 



n\ 



av 



X 



-X ■ udSr > 



V 



X 



-dx. 



(2.4) 



The first term on the left of (I2.4D can be written as follows 



n\ 



\Vv\ 


\v 


q-1 




X 


s— 


1 



dx 



V 



1 1 






\s — n 




X 


\s/q- 


-1 



\v 



q-1 



X 



1 

< 



n 



V 



\Vv\ 
Ixl-'-i 



-dx + 



|s-s/<j 



dx 



X 



-dx, 



by Young's inequality with conjugate exponents q and q/ {q - 1). Thus 112.411 becomes 







s — n 


7.1 



|Vf I'' s — n 
-dx — 



xr-9 



\s — n\ 



av 



X 



I"? ^ 1 

— X ■ udSr > - 



\v\ 



-dx. 



q Jv Fl 



Rearranging the constants we arrive at the inequality we sought for. 
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Remark 2.4. Choosing = the trace term on the left-hand side vanishes and we 
get 



\Vv\ 
\x\^-i 



-dx > 



s — n 



\x\ 



-dx. 



The constant is the best possible (see for example IMz2l -§1.3.11. 



(2.5) 

□ 



The corresponding trace Hardy inequality with weights involving distance from 
the boundary reads as follows 

Lemma 2.5. LetQ C W^;n > 2, and set d = d{x) := dist(2;,M" \ Vt). Let also V be a 
domain in M" having locally Lipschitz boundary and such thatQ fi V 7^ 0. Denote by 
z7(x) the exterior unit normal vector defined at almost every X g dV. For all q > 1, all 
s 7^ 1 and any V e C^{Q), there holds 



\Vv\ 



-dx 



s - 1 


s- 1 


q-2 1 




Q 


Q 




I 



d' 



-(-Arf)dx + 



\v\ 



> 



dV 
S-1 



Vd ■ udSr 



^dx. (2.6) 



Proof. Integration by parts gives 



and since div(V(i/(i'* ^) 
we get 



V I div . 

V ^d- 



\v\-r—r ■ ydbx, 



s)/d' 



dV 

-1 



'd 



A(i) /d^ ^ in the sense of distributions in 



■ >{s-l] 



\v\ 

~d' 



dx, if s > 1, 



I + f Jii.(-A<i)dx + Jiivd. MS, > -(s - 1) ^ ^dx, if s < 1, 

where we have also used the fact that |V|t;(x)|| < \Vv{x) \ for a.e. x ^ V (see fLbL) - 
Theorem 6.17). We may write both inequalities in one as follows 



dx 



-^{-/\d)dx + 



Vd-UdSr > Is - 11 



'y U,- \s — 1| \ Jy d^ ^ Jgy d^ ^ I Jy d^ 

This is inequality (12.61 1 for g = 1. Substituting by li;]"^ with q> 1, we arrive at 



4-dx. 



\Vv\\v\'''^ 



-dx 



1 



Ad)dx + / -^Vrf ■ udSx 
Jdv d'' 



> 



\v\ 



■dx. 



(2.7) 
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The first term on the left of (12.71) can be written as follows 



Is- 11 



d 



's-l 



dx 



q |Vf I 1 r |f 1'^ " \ 
-lld^/^-iJ Irf^J 

9 r iVf 1^ ^7 — 1 

dx H 



q-l 



< 



s - 1 



q Jv 



d' 



-dx. 



by Young's inequality with conjugate exponents q and q/ (g - 1). Thus 112 .711 becomes 



s - 1 



1 I Wv\i , s-l 
dx — 



s - 1 



;^(-Arf)dx + 



V " JdV " 



Vd ■ udSr 



> - / ^dx. 
q Jv 

Rearranging the constants we arrive at the inequality we sought for. 



Choosing V ^Q, the trace term on the left-hand side vanishes and we get 



d^'-i 



dx > 



q 



^— dx + 



q 



s - 1 



q 



q-2 



-Ad)dx. 



A few remarks follow. We introduce first the geometric condition: 
—Ac? > 0, in the sense of distributions in Vt. 



(2.8) 



We will clear up this condition in the next chapter. At the moment note that convex 
sets satisfy condition {€). 

Remark 2.6. If s > 1, ^7 has finite measure and satisfies condition (£), the second 
constant appearing on the right hand side in (12.81 1 is optimal. To see this, we choose 

Ve{x) = ((i(x))(^~^)/'?+'' G Wo^''^(ri; (i"^''^'')); £ > 0, and after simple computations, invol- 
ving an integration by parts in the denominator, we obtain 



f ^^dx - (^)'^ f J^dx 



/^J^(-Ad)dx 



eq 
1x9-1 



as £ I 0. 



□ 



Remark 2.7. If s > 1 and condition {€) is satisfied we may cancel the last term on the 
right-hand side in (I2.8D . to deduce the multidimensional counterpart of Theorem l2.2l 



d^-i 



dx > 



d' 



-dx. 



(2.9) 



The constant is the best possible as we can check by testing the ratio left/right-hand 



side with u^(x) 



(d(x)) 



(s-l)/q+e. 



e w^'\n;d-^' 



; e > 0, and using the elemen- 



tary inequality \a + b\'' < \a\'^ + Cq{\a\'' ^\b\ + a, 6 G M" and g > 1, in the numerator. 
Here, G C^{Bs{y)), < < 1 and = 1 in Bs/2{y), for some small but fixed 6. □ 
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Remark 2.8. From the preceding remarks it turns out that if s > 1,Q has finite mea- 
sure and satisfies condition (£), then all constants appearing in II2.8I) are optimal. □ 

Remark 2.9. Inequality II2.9I I for s = g = 2 goes back at least to IIDll for convex do- 
mains, while for s = g > 1 it was established in [MtskSl and |MMP| for convex!]. The 
weighted case for convex Q was given in |Avkh| using the techniques from IMMPJ. 
The above generalization to domains that satisfy condition (£) was given in I BFTH 
for s = q, where inequality (12.81) was also obtained in that case (see Lemma 3.3 of 
(BFTTI and also IFMzTll . (FMzT2n . □ 



2.1.2 A general lemma 



Here we will generalize Lemma 3.3 of IBFTll to include weights. The proof consists 
of a change of variables (see IBrML IIBrVI . (FTl . IIGGrMi and liMzlJ l and also some 
pointwise inequalities. 

Lemma 2.10. Lets eR, p>l and set ci := (2^-^ - 1)-^ andc2 := 3j9(p- 1)/16. 
(i) For any u e C^iW')]n > 1, the following inequalities hold with v := Ixl^^-^^^^^u 



I 



\Vu\ 
\Vu\P 



-dx — 



s — n 



P 



\u\ 

n \0C\ 



-dx > ci 



\x 



\p—n I 



Vvl^dx, 



(2.10) 



Ixl^-P 



dx — 



s — n 



P 



-r-i-dx > 



\x\ 



both in casep > 2. Ifl < p < 2, then 

\Vu\P 



-dx — 



s — n 



P 



\u\ 



\x\ 



2P- 



dx > C2 



s — n 



P 



p-2 



^|2-n. |p-2|y^|2^^^ (2.11) 





x\ 


2-n 


Vv 


2 


(1^1 


\Vv 


1 + 


s—n 
P 





dx. 



(2.12) 



(ii) LetVL C M"; n > 1, be open and set d = d{x) := dist(a;,R" \ Q). For any u e 
C^{Q), the following inequalities hold with V ■= d^'^'^'^'^Pu 



\Vu\P 
d'-P 



dx 



s - 1 



P 



\u\ 



dx > ci dP-^\Vv\Pdx 
Q. Jn 
s-1 

4 



P 



s - 1 



P 



p-2 



\v\P{-Ad)dx, 



(2.13) 



\Vu\P 
d^-P 



dx 



P 



\u\ 



-dx > 



Cl 


s-1 


2P-2 


p 


s - 1 


s - 1 


+ 

p 


p 



p-2 



P-2 



d\v\P-^\Vv\Mx 
\v\P{-Ad)dx, (2.14) 



18 



Preliminary results 



both in casep > 2. Ifl < p < 2, then 



dx — 



p 



\u\ 



d' 



-dx > C2 

s-1 



d\Vv 


2 


{d\Vv 


+ 





dx 



+ 



p 



1 



p 



p-2 



Proof. Let ilhea domain in M"; n > 2, and let either k = 1 and il C 
eQ. For any x eQwe define 

d{x), if A; = 1 andl] C M" 
Ixl, ifk = n and G ri. 



Ad)dx. (2.15) 
, or = n and 



Six) :-- 



We also introduce the notation H ■= (s-k) /p, where p >l,s^k. By a straightforward 
calculation 





r|VM|P 


\u\Pi 


/ 




\HrJ 


Jn 







dx 



-k 



6 



dx 



{\a - b\P - \a\P) 



dx. 



where a := HvVS and b := 6Vv. Note that since | V5| = 1 a.e. in fl, we also have \Hv\ = 
\a\ a.e. in il. The first term on the right hand side of (IZTTOl l. llZTSl) and of ll2TT]l . ll2TT4]) is 
evident from the first term on the right hand side in (ii)-(a) and (ii)-(b) of Lemma A.2 
in the Appendix. The first term on the right hand side in (i) of Lemma A.2 is 

16 {\a-b\ + \a\y~P' 
Since \a-b\ + \a\ < \b\ + 2\a\ < 2{\b 



3p{p-l] 



>C2- 



\a\), we get 
\b\' 



16 i\a-b\ + |a|)2-p - + |a|)2-p' 

from which the first term on the right hand side in 112. 121) , (12. 151 1 follows. The common 
term —p\a 
the term 



p ■ 6 on the right hand side of (ii)-(a), (ii)-(b) and (i) in Lemma A.2, gives 

pH\H\P~^ [ S^-''v\vf-^Vv-V5dx = H\H\P-^ I 5^-^V\v\^ -Vddx 
Jq, Jn 



-H\H\P-^ [ \v\^div[6^-''VS]dx 
Jn 



= H\H\P~^ / ^{k-l~6A6)dx, 

which equals Oifk = n, and equal to the second term on the right hand side of (12.1311 - 
dllBJ if A; = 1. ■ 

Note that by canceling the first term on the right hand side of each one of (12.1311 , (12.1411 
and (12.1511 and return to the original function in the second term we obtain (12.811 . 
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2.1.3 Improved LP;p > 1 , Hardy inequalities with weights 

In the work IBFTll the authors obtained optimal homogeneous improvements with 
sharp constants for the sharp Hardy inequalities (12.51) for s = g in bounded domains, 
and (12.91 1 for s = g in domains with finite inner radius and satisfying condition (C). In 
this section we reproduce these improvements for other values of s. 

Theorem 2.11. Letp > 1 and suppose Q bean open domain mM"; n > 1. 

(i) Let s ^ n. IfQ is bounded and contains the origin, then there exists a constant 
B = B{n,p,s) > 1 such that for allu E \ {0}) 



p 

dx 



s — n 



P 



\u 



P ^ 1 p — 1 s — n P~2 f \n\ 
dx > -- 
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s — n 
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n fI 



-XWx\/D)dx, (2.16) 



where D = B sujp,j.^q\x\ and X{t) — (1 — logt) ^] t e (0,1]. The weight function 
is optimal, in the sense that the power 2 cannot be decreased, and the constant on the 
right-hand side is the best possible. 

(ii) Lets > 1. IfQ has finite inner radius and satisfies condition {€) , then there exists 
a constant B = B{n,p, s) > 1 such that for allu e C^{Q) 

l^^l'.dx - (i^y / l^dx > il^(t^Y-'' I W Y^(<;/Z))dx, (2.17) 



P ^ P ^ JvL 2 p \ p J d 

where D = B sup^(,nd{x) andX(t) = (1 - logt)"^; t e (0,1]. The weight function X"^ 
is optimal, in the sense that the power 2 cannot be decreased, and the constant on the 
right-hand side is the best possible. 

Proof. Proof of (i). We will give a more direct proof of (12.1611 with a different constant 
using Lemma 12710] of the previous subsection. To obtain the sharp constant one has 
to work as in the proof of (ii). Note however that for p = 2 the following proof yields 
also the best constant. Let D = sup^^^Q \x\ and setting u{x) = |s|(''""^/^t;(x) we have 



\u\ 



\x\ 



-X\\x\/D)dx = I i^X\\x\/D)dx 

X{\x\/D] 




x>dx 
X{\x\/D)x -Vlvldx 



- P I (2.18) 

< P{ /S;-^|V-Pdx| ( fJ-I^X\\x\/D)dx^ 
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where we have integrated by parts, used Holder's inequality and returned to the ori- 
ginal function in the second integral. Rearranging and squaring we deduce 



\u\ 
\x\ 



-XWx\/D)dx <p^ 



Ia;p-"|t;r2| 



Vfl dx. 



Ifp> 2, the result comes from II2.11D . If 1 < p < 2 we proceed from 112. 18D as follows 



\u\ 



\x\ 



X\\x\/D)dx < p / {t^,X^^'-\\x\/D)}{^^ 
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p-1 


\x 


^n—n/p 



< 



p\ 



1/p 



X^~P{\x\/D)dx 



i-i/p 



\u\ 



\x\ 



■XWx\/D)dx 



where we have used Holder's inequality and returned to the original function in the 
second integral. Rearranging and raising to p-th power we get 



\u\ 



\x\ 



X^{\x\/D)dx <pP / \x\P-''\Vv\PX'^-P{\x\/D)dx. 



(2.19) 



To estimate J[v] we argue as follows 

J[v] = 
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(2.20) 



< 
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\x\-''X'^{\x\/D) 
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s^^\yp 



l-p/2 



dx 

l-p/2 



v\) X^{\x\/D)dx 



where we have used Holder's inequality and (12.121) . Here, by I[u] we denote the Hardy 
difference as appears in the left-hand side of 112. 12D . Minkowski's inequality and the 
fact that X'^it) < X^~p{t) for all t G (0, 1], yields 



j[v] < c7^\i[u]y/H{j[v]y/' + 



s — n 



p 



p / If 

n 



l/pN p(l-p/2) 



X 



-XWx\/D)dx 



< c^''^'(/N)^/'|(JM)'/^ +\s- nf{J[v]Y/^f 



p(l-p/2) 



where in the last inequality we have used Lemma-3.2 of IBFTll with a = 2. It turns 
up that J[v] < C{n, p, s)I[u], and the result is evident by (12.1911 . 



2. 1 Hardy inequalities with weights 
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Proof of (n) . Let T be a vector field on Q. Integrating by parts and using elementary 
inequalities, we get 



/ div Tlwl^'dx < p |T||Vm||m|^ ^dx 
Jq Jq 

^-'jf^d'/P-^\T\\u\P-''jdx, 



\Vu\ 

for all u e C^{Q). By Young's inequality: ab < a^/p + {p- l)b^^~^^^^/p, we arrive at 



divTl-ul^dx < 



dx+{p-l) / rf(^"P)/(P-i)|T|i^|M|Pda;. 



Hence, 



\Vu\P 



dx > 



\uV'dx. 



In view of this, inequality II2.17I I will be proved if we could find a vector field T such 
that the following inequality to hold (at least in the sense of distributions) 



divT - {p-l)d^'-P^'^^-^^\T\-^^ > HP— 

(Jj 



where we have set H ■= {s — 1) /p. To proceed we make a specific choice of T. We take 

1 



T 



1 - - — -X{d/D) + aX\d/D) 



where a is a free parameter to be chosen later. In any case a will be such that the 
quantity inside brackets is nonnegative on Q. By a straightforward calculation we get 



divT 



p- 


- 1 


s - 


- 1 


p- 


b 






s — 


p- 


- 1 


s - 


- 1 


p- 




s — 





X\d/D) + 2aX\d/D) 



X{d/D) + aX^{d/D) 



1 

- 1 - dAd 



d' 



X\d/D) + 2aX\d/D) 



1 



X{d/D) + aX\d/D) 



d' 
s-1 

d' ■ 



where we have used condition (C). Thus, we have 

divT- (j9- l)rf('-^')/(P-^)|T|i^ > pHP 
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It then follows that for II2.17I) to hold, it is enough to establish the inequality 

f{t)>l + ^—^t\ te[0,M], (2.21) 



where M = M{D) := snY>^^^X{d{x)/ D) < 1 and 



1 9\ 1 — 1 9 „ •^A / .x/, 59—1 9\p-l 



From Taylor's formula we have that 

/W = /(0) + /'(0)t+^r(6)t'; 0<6<t<M. (2.22) 
We have /(O) = 1. Moreover, after some simple calculations we find 
/'(0) = 0. /"(0) = P9i and ;»,o)._|, (2-P)(P-l) 



We choose a so that /"'(O) > 0, that is, a < (2 - p){p - l)/(6(s - l)^). Hence /" is an 
increasing function in some interval of the form (0, Mq) . Consequently, for t G (0, Mq) 

r(6) > r(o) = 

It then follows from (12221) 



It is clear that we can choose small enough Mq, depending only on n, such that 

a < (2 - - l)/(6(s - If) and also 1 - + at^ > for all < t < Mq. Since 

= (1 - log(t))-\ the condition X{d/D) < Mq is equivalent to D > B sup^g^^ 
where 5 = e^/^^o-^ ■ 

The proofs for the optimality of the constant and the exponent on X in the remain- 
der terms of Theorem l2.11l are essentially the same to the proof given in MBFTll -§5. 



2.2 Sobolev inequalities 

Here we state and prove the well-known Sobolev inequalities. For 1 < p < n, al- 
though there are many other proofs, we chose an approach via Lorentz spaces based 
on Hardy's inequality 112.111 . For p > nwe follow LGTrJ -§7.7-7.8 with some minor mo- 
difications. 



2.2 Sobolev inequalities 
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2.2.1 The case I <p < n 

We first recall the definition of Lorentz spaces and some of their basic properties. 

Definition 2. 12. Letp, q > 0. The Lorentz space L^''' is the collection of all measurable 
functions / defined on M", such that [f]^p.q < oo, where 




Here, /* denotes the decreasing rearrangement of /, 

f*{t) := inf{s > S.t. < t}, 

where /i/ is the distribution function of /, i.e. 

fifis) :=/:"({xGM"s.t. |/(x)|>s}). 

The first two properties that follow are elementary. The proof of the third can be 
found in El or ESI. 

Proposition 2.13. (i) Wehave[f]^j,_p = [f]^p. 

(ii) Ifxn is the characteristic function of a set of finite volume, then [xnl^p,, = 
[£"(n)]i/p/orfl//p,g > 0. 

(iii) Letp > andq2 > gi > 0. There holds [f]-^p,q^ > [f]^p,q2 ■ 

We now prove the Sobolev inequality. Note that for p = 1 the constant we will obtain 
is nojn"^, which is known to be the optimal constant in this case, see IFFII and IIMzl . 

Theorem 2.14. Letl < p < n andsetp* := np/{n — p). Foranyu e C^(]R") thereholds 

Proof. LetM e C^{W). By the Polya-Szego inequality (see fK] or iFsc) -Theorem 3.1) 

[ \Vu{x)\Pdx> [ \Vu*{x)\Pdx, (2.23) 
Jr" Jr" 

where u* is the symmetric rearrangement of u, defined by 




0, otherwise, 
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where R := [£"(sprt{M})/a;„]i/". We calculate 

[ \Vu*{x)\Pdx = I |u*'(w„|a;r)VK|xr)|Pdx 



= {nunf / |M*'(u;„|a;r)|*'|x|("-^)Pdx 

/>oo 

= (nwy")P / \u*'{t)\n'P-P'''dt. (2.24) 

Coupling (12.231 1 ■ (12.2411 and the one dimensional Hardy inequality (12.111 for v = u* and 

q = P,s = p/n, we obtain 

/" |VM(x)|Pdx > ^wy™)" /" |M*(t)|Pt-p/"dt (2.25) 
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where the last inequality follows from Proposition 12. 131 - fiii) 



Remark 2.15. The Hardy- Littlewood inequality (see [Kl or lEill -Theorem 16.9) im- 
plies 



R" jRn \XY' 

I.tI"))p 

dx 



(m*(w„| 


x\ 











na;„ / (M*(w„r"))Pr"-i-Pdr 

/■oo 

W^" / (M*(t))Pt-P/"dt. 



Hence, Hardy's inequality (I2.5D for s = g = p G [1, n) with the sharp constant is obtai- 
ned from ([2^. □ 



2.2 Sobolev inequalities 
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2.2.2 The case p > n > 1 



We start with the case n = 1. Set I ^ (a, P); a < p.lfu e C^(I), then for any x e I we 
have 









\u{x) \ < 


1 u\t)6.t 


<-J 




J a 


J a 



|M'(t)|dt, 



and 









\u{x)\ < 


- / u'{t)&t 


< / \u'{t)\dt 




J X 


J X 



Adding we obtain 

\u{x)\ < \jwimt 



(2.26) 



i/p 



by Holder's inequality. The constant 1 /2 is optimal and a standard scaling argument 
reveals that the exponent 1 — 1/p on cannot be decreased. Now we prove the 
direct multidimensional analog of this inequality. The steps are essentially the same. 
We need first an integral representation formula for the values of the function. 

Lemma 2.16. LetVt be an open set in W] n > 2. For any u e C^{fl) and any x e fl 
there holds 



u{x) 



-I 

ni^n Jn 



{x — z) ■ \/u{z) 



dz. 



\x — z\ 



Proof. Using polar coordinates around x and then changing variables hy z ^ x + py, 
we have 
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Jo. 



{x — z) ■ Vu{z) 



dz 



\x — z\ 



[x — Z^ ■ Vm(-2) 



JdBp(x) 

oo 



\X — Z\ 



JdBxiO) 
oo 



y ■ Vm(x + py)dSydp 
= - / / y ■'^u{x + py)dpdSy 

JdBi(0) Jo 

u{x + py) dpdSy 



(0) 

asi(o) 



oo ^ 



dp 
— u{x) 



IdBiiO) 

— nujnu{x), 
where we have also used Fubini's Theorem. 



dS,, 
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Theorem 2.17. LetQ be an open set in W^; n>2, having finite volume C^IQ) . Ifp > n, 

for any u e C^{Q) there holds 



xen \p-nJ \ J<^ 



i/p 



The constant appearing on the right hand side is optimal and the exponent l/n-l/p 
on C"-{Q) cannot be decreased. 

Proof. By Lemma l2.16l we get 

nUn Jn \x - zy^ 1 
and applying Holder's inequality 

\u{x)\<-^{ / |x-;z|-("-^)P/(P-^)d2 ] ( f \Wu{z)\PA^ . (2.27) 



nujn \ Jn I \ Jn 

\v ^ ./ \ 

= :M{x) 

Note that M(x) is finite since — < nif and only ifp > n. To estimate M(x) 

we set R := so that the volume of a ball with radius R to be equal to the 

volume of Q. Then M{x) increases if we change the domain of integration from Q to 
Bji{x). Therefore 

M{x) < [ |x - z|-("-i)P/(P-^)d2 
p — n 

Substituting this in II2.27D we are done. ■ 

Remark 2.18. The best constant and the family of extremal functions (see II1.4II 1 have 
been found in |T12| using symmetrization techniques. However, the above method 
of proof has also revealed the best constant. Note also that a scaling argument shows 
that this inequality is also optimal in the sense that it fails if l/n-l/p is replaced by 
any exponent g < 1/n - 1/p on /^"(i^). □ 

2.2.3 Morrey's inequality 

Starting with the case n = 1, let m g C^(R). Then foiy < x we have 

PX PX 

\u{x)-u{y)\= / u'{t)dt < / \u'{t)\dt. 



y 



y 
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By Holder's inequality we obtain 



\u{x)-u{y)\ = [x-yY-"^y j \u'{t)\m 
< {x-yy-'^^i [ \u'it)\Pdt 



i/p 



i/p 



Rearranging we arrive at 



sup 



\u{x) -u{y)\ ^ 
\x - y\^-^/p J 



< 



i/p 



iVwPdx 



As in the previous section we will prove the direct multidimensional analog of this 
inequality and the steps are essentially the same with the case n = 1. We first obtain 
a local substitute of the integral representation formula of Lemma l2rT6l 

Lemma 2.19. For any u e C°°{B,) and any x e Br there holds 



\u{x) - Mb,, I < 



2" 



Wuiz) 



nUJn J Br \X- Z 

Proof. Letting x,y e Bj-we have 

^\y-^\ J 



n-l 



dz. 



u{x) - u{y) 



dp 

\y-^\ 



u[x + p 



\y - x\ 



dp 



^ , y — X \ y — X ^ 
\/u[ X + p- 1 ■ -j -dp. 



10 ^ \y-x\ 

Integrating this with respect to y in Br we get 

I r r\y-^\ 



U[X) - UBr 

Hence 

\u{x) - Mb,, I < 



ni J Br Jo 



Vul X + p- 

V \v — 



y — X \ y — X 



■^ni J Br Jo 

where we have set 

\Vu{z)\, if ze Br 

0, iiz^Br 



y — x\J \y — x\ 



F ( X + p-^ ) dpd?/, 

\y — x\ 



dpdy. 



Fiz) 
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Since x,y e BrWe have \y — x\ < 2r and Br C B2r{x). Thus 
\u{x)-ub,\ < / / F(x + pf^ — ^)dpdy 

r2r r r2T 



— ! I I F(x + P^ -)dpdSydt 

wr" Jo JdBtix) Jo ^ t J 

r r I F[x+py^)ds,dt^p 

nr Jo Jo JdBtix) ^ ^ ^ 

- / p'-" / / Fiz)dS,dtdp, 

Jo Jo JdBJx) 



^n^ Jo Jo JdBp{x) 

where we have used polar coordinates, Fubini's Theorem and the change of variables 
z = x + p^- Computing the t-integral and using polar coordinates once more 



2" '•2'' 



\u{x)-UB,.\ < ^1 p^~" / F{z)dSAp 

^l^n Jo JdBp{x) 
2" f^'' f F{z 



^0 JdBJx) K ^1 



Jo JdBp{x) \X — Z 

2" f Fiz 



nuJn JB2r(x) F - ^ 
2" f \Vu(z)\ 



n-l 



dz 



\n-l 



dz, 



nUn J Br F - ^1 

by the definition of F. 

Theorem 2.20. Ifp>n> 2joranyu e C^°^(M") there holds 

x^y 

Proof. Letting x,y e M" with x y we consider a ball Bj. of radius r := \x — y\ 
containing x, y. By Lemma l2.19l we get 

\u{x) - u{y) I < \u{x) - mbJ + \u{y) - ub,. \ 

ni^n \ J Br F - A J Br \y - 



J[x) =:J{y) 



We will bound J{x) independently on x so that the same estimate holds also for J{y). 
Holder's inequality gives 



J(x) < i [ \x- zl-^^'-^^P^^P^^^dz] ( [ \\/u\Pdz 

\ J Br I \ J Br 
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Both integrals increase if we integrate over Br{x) and respectively. Hence 

i-i/p / ^ i/p 

Vul^'dz 



J{x) < ( [ \x - zl-^'^-^^P/^P-^Mz^ ( [ 



Substituting this into II2.28D twice we obtain 



i/p 



The proof follows by rearranging and taking the supremum over ati. x,y e W with 
Xy^y. U 

Remark 2.21. Morrey's inequality states a stronger result than Sobolev's inequality 
for p > n. Moreover it implies a more general version of it. We can use Morrey's in- 
equality to obtain Sobolev's inequality for p > n for a more general class of domains 
than ones having finite volume, and in particular for domains having finite inner ra- 
dius. To see this assume that Q has finite inner radius R := supj-gQ d[x) < oo. Let 
y = ^{x) in Morrey's inequality where ^(x) e R"\i7 is such that := dist(x, M"\^7) = 
\x - C,{x)\. Then u{y) = and we obtain 



i/p 



Hence, 



i/p 

sup\u{x)\<C{n,p)R^"'/p{ I \Vu\Pdx] . □ 
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Chapter 3 

The distance function 



Here we gather some facts for the distance function, a weight in Hardy inequalities. 
The results will play an essential role in gl In the first section, among other properties 
we recall the local semiconcavity of the distance function and the semiconcavity of 
the squared distance function. We also connect sets of positive reach to these proper- 
ties and obtain weak upper bounds for the distributional Laplacian of the distance 
function. In the second section we give a characterization of mean convex sets obtai- 
ned in IPsli . 

3. 1 Basic properties and sets vdth positive reach 

Definition 3.1. If 7^ C R" is closed, then rfi^- : [0, 00) is the distance junction 

to K, that is 

dxi^x) := dist(x, K) = inf \x — y\, 

whenever x g M". Furthermore, Ki is the set of points in M" which have a unique 
closest point on K, namely 

Ki := {x eW" -.^ly e K such that = \x- y\}, 

and the function ■ Ki ^ K associates each x e Ki with its unique y e Kfor which 

dxix) = \x - y\. 

The following theorem gathers some well known properties of the distance func- 
tion. It is a minor collection of the properties one can find in |F| -Theorem 4.8. 

Theorem 3.2. //0 ^ C R" is closed, then 

(i) forallx,y G M" there holds Id^ix) - dK{y)\ < |a; - y\. 

(ii) ifx eW-\K, then dx is differentiahle atx if and only ifx e Ki. 

(iii) ifdx is differentiahle atx e M", then Vdxix) = {x - iK{x))/dK{x). 
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Remark 3.3. Part (i) says that dx is Lipschitz continuous in M". Thus by (ii) and Rade- 
macher's Theorem (see F EvGI - §3. 1.2 -Theorem 2) we obtain £"(M" \ Ki) = 0. By this 
fact and (iii) we also get iVdxl = 1 a.e. in W\ □ 

The next property of dx can be obtained for example from ICSl -Proposition 2.2.2- 
(ii) together with Proposition 1.1.3-(c). 

Proposition 3.4. Thefunctiona : M" R defined by a (x) = C\x\'^/2-dK{x), is convex 
in any open hallB cc M" \ K, for any C > 1/ dist(5, K). 

Proof. First note that for all a, 6 G M" with a 7^ we have 

\a + h\ + \a-h\-2\a\<^--\. (3.1) 

\a\ 

We choose an open ball B <zW\K with r := dist(i?, K)> Q and take x e B. Let y e K 
be such that dxix) = \x - y\. For any z e M" such that x + z,x-zeB,we get 

a{x + z) + a{x — z) — 2a{x) = C\z\^ — {dxix + z) + dxix — z) — 2dK{x)) 

> C\z\'^ — (\x + z — y\ + \x — z — y\ — 2\x — y\) 



(by (13. ip for a = X - y and b = z) > C\z\ 



|2 



x-y\ 
2 



> {C-l/r)\z 

Since a{x) is also continuous we obtain that a{x) is convex in B for any C > 1/r (see 
tCSJ -Proposition Al. 2). ■ 

Next we discuss sets with positive reach introduced by H. Federer in (F) . 
Definition 3.5. Let 7^ C M" be closed. The reach of a point x e K is 

Reach(i^,x) := sup{r > : Br{x) C Ki}. 
The reach of the setK is 

Reach(i^) := inf Reach(i^', x). 

In general the complement of any domain of class is a set of positive reach (see 
Lemma lB.lOK Dl. The following example is taken from IIKjPII -^6.2 and shows that the 
complement of a domain that is less smooth than need not be a set of positive 
reach. 

Example 3.6. Let^ls ■= {(3^1,3^2) G : X2 > where < 5 < 1. Then is 

of class C^'^ and M" \ Qs is not a set of positive reach. More precisely there exist 
eo = Co (5) > such that for any < e < eo, every point (0, e) e has two closest 
points in M" \ □ 



3.1 Basic properties and sets with positive reach 
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Remark 3.7 (fP|). Motzkin's Theorem ( fHrml -Theorem 2.1 .30) asserts that a nonempty 
closed set K in R" is convex if and only if every point in has a unique closest point 
in K. Hence, in terms of the above definition, a nonempty closed setK in M" is convex 
ifandonlyifReach{K) = oo. □ 

Example 3.8. For an example of a set with zero reach, denote first by Qr{xo) an open 
cube ("square" if n = 2) having edge length r > and center at xq e M". It is then 
easily verified that Reach(M" \ Qrixo)) = 0. □ 

The following folklore lemma illustrates the connection between the reach of the 
closure of an open set and the distributional Laplacian of the distance function to the 
complement of the set. 

Lemma 3.9. Let^ Q CW-n>2, be open and for any x e M" set 

d{x) := dist(a;,M" \n) = mf{\x -y\:yeW\n}. 

Then 

(i) 7jrReach(fi) = oo then —Ad > in the sense of distributions in Q. 

(ii) Ifn = 2 then Reach(i7) = oo if and only if -Ad > in the sense of distributions 
inQ. 

(iii) Leth := Reach < oo. Then 

{d + h){-Ad) > -{n - 1) in the sense of distributions in Vt. (3.2) 

Proof. Parts (i) and (ii) follow from the basic results of IIArmK I and Remark 13771 Thus 
we prove only (iii). In case /i = we have Qh = Vl and estimate 0.21 1 rests on the fact 
that the function A : M" — )■ M defined by A{x) := |xp — d^{x) is convex. To see this we 
take X G M" and let y g M" \ be such that d{x) = \x — y\. For any z g M" we get 

A{x + z) + A{x - z) - 2A{x) = 2\z\^ - {d'^{x + z) + d^ {x — z) — 2d'^{x)) 

> 2\z\'^ — {\x + z — y\'^ + \x — z — — 2\x — yp) 
= 0. 

Since A{x) is also continuous we obtain that A{x) is convex (see fCSl -Proposition 
A1.2). It follows by |EvGl- §6.3 -Theorem 2 that the distributional Laplacian of A is 
a nonnegative Radon measure on R" . The result follows since we have A A = 2(n — 
1 — dAd) in the sense of distributions in Q. 

In case h > 0,we set flh ■= {x G R" : d-^{x) < h}, and as in the previous proof, the 
continuous function : R" — ^ R defined hy Ah(x) = IxP — dnc (x) is convex. Hence 

h 

the distributional Laplacian of Ah is a nonnegative Radon measure on M". The result 
follows since for every x e Qwe have dnc^{x) = d{x) + h (see |Fl-Corollary 4.9), and 
thus A Ah = 2{n—l — {d + h)Ad) > in the sense of distributions in Vt, ■ 
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3.2 —Ad and mean convex domains 

Let 7^ C R" be open. In this section we consider the choice K = W \Q in 
Definition 13 .11 For brevity, as in Lemma 1X9] we write d instead of dK.^\n. Thus 

d{x) := dist(x,R" = mi{\x - y\ ■.yEW\n}, 

whenever x G M". Also we will denote by S the set of points in Q which have more than 
one closest point on R" \ (thus in terms of Definition 13. 1 1 we have Ki nfl = fl\T,]. 
IfxeQ\T,, then ^(x) will stand for its unique closest point on \ Q. 

Before stating the main result of this subsection we gather some additional proper- 
ties of the distance function to the boundary that will be in use. Recall that by Theo- 
rem l3.2l we have that d is Lipschitz continuous on R" and in particular \ Vd{x) \ = 1 a.e. 
in Q. 

From now on Q will be a domain, i.e. an open and connected subset of R". 
The following Lemma follows from Lemmas 14.16 and 14.17 in IIGTrl . 

Lemma 3.10. LetQ c R" he a domain with boundary of class . 

(1) If in addition Q satisfies a uniform interior sphere condition, then there exists 



5 > such thatVts := {x eVt: d{x) < 5} c ^7 \ S andd e C^(n 

(2) d e C^{Q \ S) and for any X e Q\T,, in terms of a principal coordinate system 
at^{x) e dQ, there holds 

(t) Vrf(x) = -z7(e(x)) = (0,...,0,l) 
(u) 1 - Ki{C,{x))d{x) > for alii = 1, ...,n - 1 

-Ki{^{x)) -Kn-li^{x)) 



{in) [D d{x)\ = diag 







where u{^{x)) is the unit outer normal at C,{x) e dQ, and ki{^{x)), are the 

principal curvatures ofdVt at the point ^{x) e dVt. 

Remark 3.1 1. Part (2) of the above Lemma is proved in [GTr] only in Vis. However, it is 
also true for the largest open set contained in \ S, i.e. 1] \ S (see for instance ICrMi, 
LLNJ.LCCl,(G^). □ 



By Remark |33] we have that = 0. An important fact we will need is that 

domains with boundary of class satisfy £" (S) = 0. This is proved in [Mnn| -Errata- 
§5.2 (see also |CrM| where however only bounded domains are discussed). In IMMJ 
the authors construct a C^-^ bounded convex domain with > 0. 

To state our main theorem we denote by T-i{y) := ZliCi^ '^iiv) th^ mean curva- 
ture of dVt at the point y e dfl. 
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Theorem 3.12 (fPslI). LetQ c be a domain with boundary of class C'^ satisfying a 
uniform interior sphere condition. Then fi := {-Ad)dx is a signed Radon measure on 
Q. Letfi = fiac + /is be the Lebesgue decomposition offi with respect to i.e. fiac < ^C"- 
andiis^i^'- Thenfis > inQ, and fiac > {n- l)2idx a.e. infl, whereK ■= iniy(zon'H{y). 

Proof. Letting 6 be as in Lemma lB.lOK ll we set Qs = {x e Q : d{x) < 5}. Then —Ad is 



(55 



a continuous function on Vt^ and so := {—Ad)dx is a signed Radon measure on Vt 
absolutely continuous with respect to 

Next let {Bi}i>i be a cover of the set Vt\Vts comprised of open balls Bi for which 
dist{Bi,dVt) > 5/2 for alH > 1. According to Proposition 13.41 the function a(x) := 
\x\'^/S — d{x) is convex in each Bi. From |EvG|- §6.3 -Theorem 2, we deduce that there 
exist nonnegative Radon measures {z/*}j>i, respectively on {i?i}i>i, such that 



(pAAdx = / 0dz/\ 

Bi J Bi 

for all G Cf{Bi). Since Aa. = 2n/6 — Ad in the sense of distributions, we get 

/ (p{-Ad)dx = [ (pdu' - ^ / 0dx, (3.3) 
Jb, Jb, ^ Jb, 

for all G C^{Bi). Hence /i* := {-Ad)dx = z/* - ^dx is a signed Radon measure on 
Bi. Let {r7i}i>i be a C°° partition of unity subordinated to the open covering {Bi}i>i of 
Q \ Qs, i-e. 

oo 

r]i G C^{Bi), < rii{x) < 1 in and ^ rii{x) = lmQ\Qs- 

i=l 

Further, for x eft define 770(0;) = 1 - Yl'i^i Vii^)- ^6 then have 

00 

sprtr^o C Qs, Voi^) = 1 in^^5/2 and ^r7j(x) = 1 in fi. 

i=0 

We will now show that /i := J2'^o Vif^' is a well defined signed Radon measure on 
Q, and yu = {-Ad)dx. To this end, for any g C^(^^) we have 

« 00 „ 

/ 0(-Ad)da; = / 07?i(-A(i)da; 

(by(j33D) = ^077od/i° + ^ ^^0r/idz/^-^^0r7ida; 

„ 00 . 2n [ °° 
Jn S Jn 



„ 00 
Jn 

0d/x, 
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where the middle equality follows since v"" are positive Radon measures and thus 
Y^T=o Vi^' is increasing in m (see |EvG|-Section 1.9). 

Next, by the Lebesgue Decomposition Theorem ( IEvGI -§1.3-Theorem 3), fi = fiac + 
Us where 

oo oo oo 

i=0 i=l i=l 

since /i* = z/* - ^dx and z/* are nonnegative. Finally, from Lemma l3TT0l -f21 we get 

n-1 



1 - Ki{^{x))d{x) 

n-1 
i=l 

= (n-i)niax)) 

> {n-i)n, VxG^]\s. 

Now by Lemma l3.10K 21. — Ad is a continuous function on i7 \ S and so 

Hac = (-Ad)dx >{n- l)ndx in \ S. 

Recalling that = when dn e and since fi = (fi \ S) U S, we conclude 

fj'ac >{n- l)yAx a.e. in fi. ■ 



Definition 3.13. A domain fi with boundary of class is said to be mean convex if 
n{y) > for ally G dVt. 

Theorem 13.121 along with Lemma 13.101 provides us a characterization of mean 
convexity in terms of the distance function for sufficiently smooth domains. More 
precisely 

Corollary 3.14. LetVt be a domain with boundary of class satisfying a uniform in- 
terior sphere condition. Then fi is mean convex if and only if -Ad > in the sense of 
distributions in fi. 

Remark 3.15. The resulting lower bound —{Ad)dx > {n — l)2idx is optimal. To see 
this assume first that fi is bounded and choose a point yo G 9fi such that 'H(yo) = H- 
Pick < 05 G C;?°(fi), such that sprt{05} c Bs{yo) fi fi^; 5 > 0. For sufficiently small 5, 
as a; G fi^ approaches yo we have -Ad{x) = (n - l)'H + 0{d{x)). Thus, as 5 | we have 
-Ad{x) = \n- 1)2£ + 05(1) for all x G Bs{yo) n fi^, and so 

.^^ J^<P{-Ad)dx ^ 4fao)nc.'^^(-^^)d^ 
o<^GC^in)\{o} J^cpdx - J^^^y^^^^^^<j)sdx 

= (n-l)K + 05(l). 
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If n is unbounded we may consider a sequence {yk} C dil converging to yo, and 
repeat the above argument for any such point, to obtain 

L(h(-Ad)dx , , , , 

Since 'H(y) is a continuous function on we end up by letting k ^ oo. □ 

Remark 3.16. Assume that Q is a domain with dQ e and such that it satisfies a 
uniform interior sphere condition. By Theorem 13 . 1 2 1 and (12.81) for s > 1, we obtain 

'^dx > r-^Y [ ^dx + (n - mC^y' [ J^dx; g > 1. (3.4) 



n 



Remark 3.17. Corollary 13.141 was also noted in (LL| without proof. After MPs II was 
submitted, a proof not based on Theorem 13.121 1 was given in ILLLI where also 0.411 
was obtained for s = g > 1. □ 
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Chapter 4 

Hardy inequalities with weights 



In this chapter we prove Theorems I, III and IV, stated in the introduction. These 
results are the content of the work IPsTI . We will also give improvements to the L^- 
weighted Hardy inequality involving the -norm of the length of the gradient. These 
improvements are sharp in the sense that extremal sets exist, i.e. sets in which the 
remainder term obtained is the optimal one. 

4. 1 Inequalities in sets vdthout regularity assumptions 
on the boundary 

As in ^2.1. H all inequalities of this chapter will follow by the integration by parts for- 
mula which we formalize as follows: let Q be an open set in M" and T be a vector field 
on Q. Integrating by parts and using elementary inequalities we get 

/ |f||VM|d2;> / div(f)|u|da;, (4.1) 
Jn Jn 

for all u e C^{Q), where we have also used the fact that |V|m|| = \Vu\ a.e. in Q. For 
example, setting T(x) = -{d{x)y^''Vd{x) for a.e. x eQwe deduce (12.81 1 for g = 1: 

Lemma 4.1. LetQ c be open. For all u e C^{fl) and alls > 1 

/^^,,,,,_l)/^Md. + /^li^(-A.)d.. ,4.2, 

where - Ad is meant in the distributional sense. IfQ has finite volume then equality 
holds for u^{x) = {d{x)y~^+' e Wo'^{n;d-^'-^^), where e > 0. 

4.1.1 General sets 



A covering of Q by cubes was used in lAvkh l to prove the next Theorem. We present 
an elementary proof. 
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Theorem 4.2. Letfl c be open. For all u g C^{^) and alls > n, there holds 

-dx > (s — n) / —dx. (4.3) 



Proof. Coupling (14.21 1 and Lemma lX9l -fiii) with /i = 0, we get 

'^^-dx > fs — 1) / -^dx — in — 1) [ -^dx = (s — n) [ -^dx. 



^ J ct J Q d^ _j ct d' 



Remark 4.3. The constant obtained is just a lower bound for the best constant. The 
best constant differs from one open set to another. However M" \ {0} serves as an 
extremal domain for Theorem l4.2[ More precisely, letting i7 = M" \ {0} we have d{x) = 
\x\ and (14.31) reads as follows 

I ^7 11 1 /" I w I 

— dx > {s — n) / - — r-dx; s > (4.4) 



for all u e C^(M" \ {0}). To illustrate the optimality of the constant on the right hand 
side of (14.41) . we define the following function 

usix) := XB„(o)\Bs{o)ix); X e M", (4.5) 

where < 6 < and is fixed. The distributional gradient of is Vu^ = i^dBs{o)SdBs{o)- 
i^dBr,{o)^dB,-i{o) where, for any r > 0, UdSrio) stands for the outward pointing unit normal 
vector field along dBr{0) = {x e M" : |x| = r}, and by 69Br{o) we denote the Dirac mea- 
sure on dBr{0). Moreover the total variation of Vus is \Vus\ = Sobs{o) + <^aB„(o)- Using 
the co-area formula, we get 

Fdx ^ 6''^\dBsm + v'-VB,m 
LJj^dx jy-^mmdr 



^n—s 



U -T I 

[s — n) 



^n—s 



-> s - as (5 1 0. □ 

Remark 4.4. Although not smooth, functions like us defined in (14. 5D belong to BViW") 
(the space of functions of bounded variation in M"), and thus we can use a ap- 
proximation so that the calculation above to hold in the limit (see for instance lEvGI - 
§5.2). We illustrate bellow the steps of such an approximation for this particular case. 
Similar to the bellow mollification arguments can be used in any such case that ap- 
pears throughout this chapter, so that all the calculations we present using BV func- 
tions are legitimate. In this Remark, whenever r > we write Br instead of 5, (0) to 
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denote an open ball of radius r with center at the origin. To begin with we set 

ip{x) = 



cexp(^) if|a:|<l 
if|a;|>l, 



where the constant c > is selected so that J^„ ip{x)dx = 1. Define the moUifier 

(p^{x) = {l/e"')(p{x/e), Q <e <S < ry/S. Note thatsprtjfyoj = B^. We then set 

us,six) = {(fe * us)ix) := / (p,{x - y)dy, x e W. (4.7) 

J Bn\Bs 

The differentiation under the integral sign is permitted and so us,e e C^(]R"), with 

sprt{M5,e} Br,+e \ Bs-e- lu addition 

Us,e{x) = 1 in Br,-e \ Bs+e 

< us,e{x) < 1 in {B^+, \ B^_,) U {Bg+e \ Bg-e). 

As e I 0, the function us,e approaches the characteristic function of the set Bn\ Bg. 
Thus we have 



/ ^^dx = / ^dx+ f T^dx+ I 

^K" Fr JBn-e\Bs+e Fr JBr,+e\Br,-e FT JB ^ _ 

= r-'\dBr\dr + o,{l). (4.8) 
On the other hand, changing variables and using the Gauss- Green Theorem 

Vus^x) = - ^y^e^x - y)dy 

J Bn\Bs 

= / ifeix - y)uQB,{y)dSy - / ipe{x - y)uoB^iy)dSy, 



and so, 

Jm" Fr JdBs JBn+e\Bs-e Fr J dBr, J Br,+e\Bs-e FI 

where we have also reversed the order of integration. Since 
lim/ ^fc^dx= ' 



s— 1 f 



s— 1 L,|s— 1 ' 



we conclude 5^ "'I^.B^I as e I 0. Similarly r}^ '^\dB^\ as £ J, 0. From these last 
two facts we may write 



/ 



F 



^dx < 5^-'\dBs\ + V \dBr^\ + ^^(l). (4.9) 
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Thus, by M and M 

LJ-^dx - />-|9i?,|dr + o,(l) ' 
and letting e | 0, the calculation following (14 .61 1 can be repeated. □ 



General sets with finite inner radius. If we consider sets having finite inner radius 
we can improve 114 .31) for s > n. First we prove the following 

Theorem 4.5. LetQ C be open and such thatR := sup^gf^ (i(a;) < oo. For all u e 

C^{Q), all s > n, 'J > 1, there holds 

^'''dx>(s-n) [ Mdx + -^ f \$X^(i)dx, (4.10) 



where C > 7 - 1. 

Proof. Wesetf(x) = -{d{x)y-'[l - {d{x)/Ry-''X^-\d{x)/R)]Vd{x) for a.e. x e n. 
Since |1 - (rf(x)//?)"-"XT-i(rf(x)/i?)| < 1 for all x En,we have 

f ifllVMldx < f ^da:. 

Using the rule VX^~^{d{x)/R) = (7 - l)XT(d(x)/i?)^ for a.e. xen,we compute 

div(T) = (s-l)t;-[l-(rf//?)^-"X^-i(rf/i?)] + -^rf-"X^-i(rf/i?) 

Since 1 - {d{x) /i?) > for all x g we use LemmalSIlKiii) with /i = 
on the last term of the above equality. After a straightforward computation 

div(f) >{s- n)d-' + ^^d-'^X^d/R). 

This means that 

div(f)|M|dx> {s~n) [ ^da; + ^-^ [ ^-^X"'{d/R)dx. 



n d^ R'-^ Jn 



and the result follows from |[4J 
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Remark 4.6. A punctured domain serves as an extremal domain for Theorem I4.5[ 
More precisely, let Q = U\ {0}, where U is an open, connected subset of containing 
the origin and satisfying R := sup^g^; d{x) < oo. We define us as in (I4.5D where r] is fixed 
and sufficiently small such that d{x) = \x\ in 5^. For any s > n, we have 

In -js-n) \^dx ^ 6'-^\dBs\ + v'~^\dB,\ - {s - n) r-^\dBAdr 

J^^X{\x\/R)dx J^r-Xir/R)\dBr\dr 

J^r~^X{r/R)dr 



log f ^£Mm.] 
= os{l). 

Thus, for a punctured domain, inequality H.IOI) does not hold when 7 = 1, as well as 
the exponent n on the second term of the right hand side in H.IOI I cannot be increa- 
sed. □ 

The second improvement for sets having finite inner radius appears here for the 
first time. Further extension is under investigation. 

Theorem 4.7. LetQ C be open and such thatR := s\vp^^^d{x) < 00. For all u e 
C^{Q) and alls > n, there holds 

/ ^-r^dx-(s-n) / ^dx>— / — i-dx. (4.11) 

Proof. Wesetf (x) = -{d{x)Y-'[l - {d{x) / Ry-"']V d{x) for a.e. xeVt. Since 

a.e. X eVi, 



\nx)\ = {d{x)r\i-[^) 



we have 

, , f |Vm| , 1 f |Vm| , 
i Vm dx = / — — -dx — — / - — -dx. 

We also calculate 

div(T) = {s- l)d-'[l - {d/Ry-''] + — —d-"" + d^-'[l - {d/Ry-'']{-Ad), in n, 

in the distributional sense. Since l — ((i(x)/i?)'' " > for all x e 17, we may use Lemma 
13.91 - (iii) with h = on the last term of the above equality and after a straightforward 
computation to obtain 

div(T)|M|dx > (s — / -pdx. 

Jn d^ 



The result follows from 114. Ill . 
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Remark 4.8. A punctured domain serves also as an extremal domain for Theorem l4.7[ 
As before, letting Q = U\ {0}, where U is an open, connected subset of M" containing 
the origin and satisfying R := sup^g^ d{x) < oo,we define us as in II4.5I) where r] is fixed 
and sufficiently small such that d{x) = \x\ in 5^. By the co-area formula, for any e >0 
we have 

In -js-n) ^dx 

|v»6-| 







-{s-n 


) j"^ r-'\dBr\dr 




_j_ ,ql—n—£ 


dB^ 






Note that if e = then r/"-" i R"-' asr]^ R. □ 

4.1.2 Sets satisfying property ( (t) 

In this subsection we assume that 

—Ad > in n, in the sense of distributions. (C) 

This condition was first used in the context of Hardy inequalities in [BFTl-3] and 
has been used intensively in [FMzTl-3] and iFMschTI. As we have showed in §3, do- 
mains with sufficiently smooth boundary carrying condition {€) are characterized as 
domains with nonnegative mean curvature of their boundary. In this section we do 
not impose regularity on the boundary. 

Theorem 4.9. LetQ c be open and such that condition {€.) holds. Forallu e C^{Q) 
and alls > 1, there holds 

I > (s - 1) I ^dx. (4.12) 

Moreover the constant appearing on the right hand side of l\4.12\i is sharp. 



Proof. Since (£) holds we may cancel the last term in 114.21 1 and (14.121) follows. To prove 
the sharpness of the constant we pick y e dVt and define the family of Wl'^{Vt] d^^""^^^) 
functions by ^^(x) := 0(x)((i(x))'*"^+^, e > 0, where G C^{Bs{y)), < < 1 and 
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= 1 in Bs/2{y) for some small but fixed S. We have 

c 

< s-l+e+ 



< S- 1 + 0,(1), 

where C is some universal constant (not depending one). ■ 

Remark 4.10. In view of Theorem l4.9l and Lemma|4yT]we see that if Q is bounded and 
condition (£) holds, then all constants appearing in 114 .21) are optimal. □ 

Sets satisfying property ((£) and having finite inner radius. The counterpart to Theo- 
rem l4.5l result for sets with finite inner radius reads as follows 

Theorem 4.11. Let Q c R"- be open and such that condition (C) holds. Suppose in 
addition thatR := sup^.^,^ d{x) < oo. Forallu e C^{Q), all s > 1,^ > 1, there holds 

I i^d. >(.-!, I Md. . ^ I Mx^(|)d., ,4.13, 

where C > 7 - 1. 

Proof. Wesetf(x) = -{d{x)y~'[l - {d{x)/Ry~^X'''\d{x)/R)]Vd{x) for a.e. x e n. 
Since |1 - {d{x) / R)'-^ X-f'^dix) / R)\ < 1 for all x e fi, we have 

T||Vu|dx< [ ^^^J dx. 



n Jn 



Using the rule VX^~\d{x)/R) = (7 - l)X''{d{x)/R)^^ for a.e. x e Q, by a straight- 
forward calculation we arrive at 

l^div{f)\u\dx = [s-l) jj^dx+^-^ jJ^X\d/R)dx 

+ / ^^[l-{d/Ry-^X^-\d/R)]{-Ad)dx. 

Since 1 - {d{x) /Ry-^X^~\d{x) /R) > for aWxeQ and also (£) holds, we may cancel 
the last term and the result follows by (I4.1D . ■ 

Remark 4.12. We prove in ^4.2.11 -Example 1425) that an infinite strip is an extremal 
domain for Theorem 14. Ill More precisely, ifQ = {x= {x',Xn) : x' e M""\0 < Xn < 
2R} for some R> 0, then (I4.13D fails for 7 = 1 and thus the exponent 1 on the distance 
to the boundary in the remainder term of (14.1311 cannot be increased. □ 
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The counterpart of Theorem l4.7l reads as follows 

Theorem 4.13. LetQ c M" be open, satisfies condition (C) andR := sup^gQ d[x) < oo. 
Then for all u e C^{Q) and alls > 1 

'^"-dx > (s - 1) [ ^-^dx+-J— I iVwIdx. (4.14) 



Proof. We insert f (a;) = -{d{x)Y-'[l - {d{x)/Ry-^]Vd{x); a.e. x en,m (HU). Since 
{d{x) /Ry^^ < 1 for all x G 11 we have 

/ |T||Vu|dx= / ^y^J do: — - — - ( \Vu\(ix. 

On the other hand 

/'div(f)|i,|di = (s - 1) / Mdi + /■ - (d/fl)— )(-A<i)drc 

where now we have used again the fact that {d{x)/Ry^^ < 1 for dXlx eVt and also ((t). 
The result follows. ■ 

An infinite strip is an extremal domain for 114. 14D , in the following sense 

Lemma 4.14. For fixed R > 0, set S := {x = {x',Xn) : x' e \ {0},0 < Xn < 2R}. 
Suppose that for some nonnegativea ands > 1, there holds 

C := inf Q[u] > Cq > 0, 
«ec-(S)\{0} 



where 



Q[u] :-- 



/,g^dx-(^-l)/,Hdx 



f ^dx 
Js 

Then a = 0. 

Proof. For s = 1 it is obvious. Note also that it is enough to assume that < a < 1. Let 
s > 1. Pick any = e \ {0}) such that sprt{0} c B^, where is the n - 1 

dimensional open ball with radius 1 centered at 0'. Let 6 > and set 0^ = (f>s{x') := 

(p{6x'). Let also < e < r] < R. We test C with Ue,s{x) := X{e,r,){xn)(l)5{x'). First note that 

whereV.. = (^,^,...,^).Thus 

\VUe,5{x)\ = X(e,r,){Xn)\Vx'4>5{x')\ + - e) + - r])) | . 
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Since rj < R/2 we may substitute d{x) by x„ in Q[u] , and so 

- (s - 1) ^dx 

JS x« 

^ r 4,, ^dx-dx„ + + ^) L^^^ |0.|dx- - (. - 1) /; Md:.^dx. 

where we have set /C^ := f^^^jVx'(t)5{x')\dx' and Ms := /g^^j05(a;')| da;'. Performing 
the integration appeared in the last term of the numerator we arrive at 

~ KsJ^xl-^dxn + 2Msri'-^ 



Kg x-^dxn + Ms{e-^ + 77-") ■ 
By the change of variables y' = 6x' we obtain Ks = 5^~"-Ki and Ms = 5^""Mi. Thus 



S'^-^'Ki x-'^dxn + S^-''Mi{e-°' + 77-") 
SKiJ^xi-'dxn + 2Miri' 



To proceed we distinguish cases: 

• Let 1 < s < 2. Then 

_ Mi(^2-s_^2-s)^2Mi7;^-^ 

= 0,(1). 

• Now let s = 2. Then 

5Ki \og{ri/e) + 2Mi77-^ 



Q[u 



'£,5 



1^(77!-" - £l-") + Mi(£-" + 77-") 



• Finally let s > 2. Then 

^^"""'^^ = 1^(77!-" - £l-") + Mi(£-" + 77-") ' 

We may set 5 = £*~^ so that Q[ue,s] = Oe{l). 
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4.1.3 Sets with positive reach 

In this subsection we obtain an interpolation inequality between 114.311 and (14.121) via 
sets with positive reach. 

Theorem 4.15. LetQ C be open and set h := Reach(i7). Suppose in addition that 

R := sup^gj^(i(x) < oo. Forallu G C^{Q) and alls > -7^^^, there holds 

L ^ - ^'/TTfl + - ")^) /„ <*-^^' 

Proof. Inserting 113.21 1 to 114.21 1 we obtain 



[s — l)h + [s — n)d \u\ 



n 



h + d d' 



-dx 



{s-l)h+{s-n)R r \u\ 
- hTR /o^^"^' 



where the last inequality follows since R < 00 and ^'^''^[^ "^"^ is decreasing in d. 



Note that this inequality interpolates between the case of a general open set c 
where we have h = and the constant becomes s — n, and the case of a convex set Q 
where h = 00 and the constant becomes s - 1. 



4.2 Proof of Theorem I 

Let be a domain satisfying property (€). We define the quotient 



L g^d x - (g - 1) gdx _ 



Q^[u] ^ ; .>1, (4.16) 



and we consider the following minimization problem 

Bp{n) := mf{Qp[u] : u G C^^iQ) \ {0}}; < /3 < s - 1. 
The next Proposition shows that the essential range for (3 is smaller. 

Proposition 4.16. LetQ be a domain with boundary of class satisfying property {€) . 

Ifs > 2 thenB^in) = OforallO < /3 < 1. 7/1 < s < 2 thenBp{n) = OforallO < (3 < s-1. 



4.2 Proof of Theorem I 
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Proof. For small 5 > 0,letns ■= {x e n : d{x) < S} and = 1^ \ (^5. We test KWt with 
^5(0;) = xni{x)(t>{x), where e C^{Bs{yo)) for a fixed yo e dQ and sufficiently small 
e, satisfying e > 36. We may suppose in addition that < < 1 in Be{yo), = 1 in 
Be/2{yo) and | V0| < 1/e. This function is not in C^{Q) but since it is in BV{Q) we can 
mollify the characteristic function so that the calculations below to hold in the limit. 
The distributional gradient of us is Vus = xn^V0 - ^(pSdni, where u is the outward 
pointing unit normal vector field along dfl^^, and 6ani is the Dirac measure on dfl^. 
Moreover the total variation of Vm^ is \ Vus\ = Xn=|V0| + 4>S9ni - Since dQg = {x e Q : 
d{x) = 5}, we obtain 

S„\V4>\d}-&x + S^-' S 4>&S,-[.,-l)S„4>d-Ax 

= ^ ■ 

5 

Using the fact that \ Vd{x) | = 1 for a.e. x g fi, we may perform an integration by parts 
in the last term of the numerator as follows 

(s - 1) f (pd-'dx = - [ (jNd ■ Vd^-'dx 



[ [V0 ■ Vd]d^''dx + [ (pd^^'Addx - 5^-' [ cjNd ■ udS^. 
Jni Jni Jdni 



Since Vd is the inner unit normal to dQ we have Vd ■ z7 = —1, and substituting the 
above equality in fl4.17p the surface integrals will be canceled to get 

/^4|V(/)| - V0 ■ Vd]d^-'dx + (l)d^-'{-Ad)dx 

- ^ j^^^W^ ■ 

By the fact that -Ad{x) < c for all x e and by the properties we imposed on 

(j), we get 



cie 



cie 



r d^'^'dx 

knB,/2 ^^"'^^ 
N{6) 



Using now the co-area formula we compute 



N{6) = / r^-' / dS^dr 

Js J {x&nir\B^:d{x)=r} 



£ 



< Clie) / r Mr 
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where ci{e) = maxre[o,e] \ {x e Vlg D : d{x) = r}|. Also, 





pe/2 








/ 




Js 










> 


/ 






Js 


y{i'gn=nB£/2:a!(i-)=-r} 








> 


C2{e) 2 



dSxdr 



where C2(£:) = minre[o,£/3] \{x G : d{x) = r}|. A direct computation reveals that 

if s > 2 then Qi3[us] < os{l) for all < /3 < 1, and also if 1 < s < 2 then (5,3 [m^] < 0,5(1) 
forallO < /3 < s- 1. ■ 

4.2. 1 Lower and upper estimates for Bi (Q) 

In this subsection we obtain upper and lower estimates for Bi{Q). In particular we 
prove Theorem I and the optimality in Theorem IV of the introduction. 

Theorem 4.17 (Lower estimate). LetQ be a domain with boundary of class satis- 
fying a uniform interior sphere condition. Ifs>l then 

Bi{n) > {n - 1)H, (4.18) 

where 2i is the infimum of the mean curvature ofdQ. 

Proof. The estimate follows directly from (14.21 1 using Theorem l3.12[ ■ 

Remark 4.18. By Theorem 14.91 if condition (£) is satisfied then the first term in 114.211 
is sharp. The passage from (14.21) to inequality (14.181 1 via Theorem l3.12l is also sharp, i.e. 
the constant {n- l)2i in the inequality 



is optimal. To see this setv = '^Im], to get 

uec^in)\{o} J^_M_dx o<t,ec-(n)\{o} J<^vdx 

< in-l)n + Os{l), 

by Remark|3J5l □ 

We next present upper bounds. We begin with an upper bound which although 
not sharp enough for our problem it is of independent interest. 



4.2 Proof of Theorem I 
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Definition 4.19. The Cheeger constant h{Q) of a bounded domain Q with piecewise 
boundary, is defined by h{^l) := inf^ where the infimum is taken over all sub- 
domains u cc Q with piecewise boundary. 

For existence of minimizers, uniqueness and regularity results concerning the Chee- 
ger constant, we refer to |FrK| and references therein (especially in IStrZl l. See also 
IB for an up to date survey. 

Proposition 4.20. Let Q bea bounded domain with piecewise boundary such that 
condition (£) holds. For alls > 1 we have Bi{Vt) < h{Vt). 

Proof. Takecj cc Q with piecewise boundary and let ?i^(,T) = {d{x)y~^Xu>{x)-^^G 
distributional gradient and the total variation of this BV{Q) function are respectively 
Vu^ = {s - l)c/'*~^X(^V(i - Vd'^^'^da^ and \Vu^\ = (s - l)d''~'^Xi^ + d''''''^duj, where V is 
the outward pointing unit normal vector field along du, and 69^ is the uniform Dirac 
measure on du. We test (14.1611 with to get 



In particular hiVL) = inf^ Qi[u^]- By the standard approximation of the characte- 
ristic function of the domain Q we obtain (n) < ^ and thus Bi{n)<h{n). ■ 

From Theorem 14 . 1 71 and Proposition l4.20l for s = 1, we conclude 

Corollary 4.21. IfQ is a strictly mean convex, bounded domain with boundary of class 
C^, there holds h{n) >{n- l)n. 

Note that in lAltCl it is proved that if a bounded convex domain Qisa self-minimizer 
of then it belongs to the class C^'^ and also the stronger estimate > {n-l)^ 
holds. Here H is the essential supremum of the mean curvature of the boundary (the 
last being defined in the almost everywhere sense since dQ e C^'^). 

The following result states a more useful upper bound for Bi{Q). It will be combi- 
ned with Theorem l4.17l to give the best possible constant for special geometries. 

Theorem 4.22. LetQ be a domain with boundary of class satisfying a uniform in- 
terior sphere condition. Ifs>2 then for all (f) e Cl{dQ), 



{s - 1) I d-'dx + dS.^ -{s-l) I rf-Mx _ \du 




Bi{Q) <{n-l) 



Jg^\<j>{y)\H{y)dS J^^\V<j>{y)\dS 



where Hiy) is the mean curvature at the pointy e dfl. 
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Proof. Let S > such that for all x e ^5 := {x e ^ : d{x) < 5} there exists a unique 
point 

^ = ^(x) = x- d{x)Vd{x) G an, (4.19) 

with d{x) = \x - ^\. For any t e [0, S] the surface area element of dQ^ = {x eQ : d{x) = 
t} is given by 

dSt = (1 - Kit)...{l - Kn-it)dS = {l-{n- l)m + 0{t^))dS, (4.20) 

where ki, k„-i, are the principal curvatures of dVL, dS is the surface area element 
of do, and T-i is the mean curvature of dVt (see |S|-§13.5 & 13.6). Now let < e < 
5 and chose g We test fl416l) with = xng\n-(a;)0(^(a;)), ^{x) as in 

( ]4.19|) . and then we will check the limit as £ | 0. The distributional gradient of m^, 
is Vue = {i^sSani - i^eSdn-JcpiO + Xn-\ni'^ x4>{0 , where us, Ve are respectively the out- 
ward pointing unit normal vector fields along dVt^, dVL^. Its total variation is \Vue\ = 

|V.0(O|.Thus 

/?xd^ = ^'"^/ m)\dSs + e''' [ m)\dSs+ [ ^^dx. (4.21) 

Jn " Jang -^f^eV^^i 

The first integral on the right-hand side of (14.21|) is a constant since we will keep S 
fixed. We perform the change of variables y = ^(x) in the second integral. Using 
(14:20|) we have 



e'-' \m\dSs = e'-' \<P{y)\{l - {n - l)eH{y) + 0{e'))dS 
Jdn^ Jan 

= e^-'M - {n~l)e^-'M'n + 0{e^-'), (4.22) 

where M := fg^\cl)\dS and := /^^ l^l^dS*. Using the co-area formula the third 
term on the right-hand side of f)4.2ip is written as follows 

^^^dx= ft'-' [ \V.m\dStdt. (4.23) 



From fl4.19p we have ^i(x) = Xi - d{x)-^{d{x)) and thus by Lemma l3yT0l -(c) we com- 



pute 



i=l " i=l 



1 — Kid 1 — Kn-ld 



. 



4.2 Proof of Theorem I 
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Thus (14.231 1 becomes 

5 / n— 1 n— 1 \ ^/^ 

-^^f^ V i=i ^ ,=i,,vi ^ / 



where we have changed variables by y = ^ {x) in the last inequality. Expanding the 
product as in (14.201 1 we get 



f~'dt + C2j f^-'dt, (4.24) 



dSdt 



for some ci, C2 > 0, where K := J^^ \ V(p\dS. Next, using co-area formula and the same 
change of variables we get 



{s-1) I ^dx = (s-i) I t-^ / m)\^Stdt 



9^t 

> (s-l) 1%-' [ \<Piy)\[l-in-l)tniy) + c,t']dSdt 



t^-'dt + aj t'^-'dt, (4.25) 

for some cs, C4 e M, and similarly 

J ^izi^x > ^ - (n - 1)M^ t^+^-Mt + C5 ^ t^+^-'dt, (4.26) 

for some cg G M. Thus inserting (l422l) . (l424t . (l425]l into dOB . and by (14261) for /3 = 1, 
we get 

^ ^ (n-l)M^[(.-l)//t^-Mt-.^-]+K//t^-Mt + C6//t^-Mt 

^ " M // _ _ 1)M^ + C5 // 

for some cq G M. If s = 2 then 

^ r , ^ ((n-l)M^ + ir)log(Ve) + 0,(l) 
Mlog(5/e) + 0,(l) 

while if s > 2 then 



^((n - 1)M^ + K)e^-' + cjf^t^-'dt 



Ql[Ue]<- 



^Me^-' - (n - 1)M^ ts^Mt + Cg /^^ t^-s^t ' 
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for some cy, cg e M. In any case, letting e ; we deduce Bi{Q) < (^-^W-h+k _ ^ 

An immediate consequence is 

Corollary 4.23 (Upper estimate). LetQ be a bounded domain with boundary of class 
C^. Ifs > 2 then 

where 'H{y) is the mean curvature at the pointy e dQ. 

Proof. Since Q is bounded we can chose Lp = lin the above Theorem. ■ 

The proof of Theorem I follows from Proposition l4.16[ Theorem l4.17l and Corollary 
14:231 

Example 4.24 (Ball). Let Br be a ball of radius R. By Theorem I4J71 we have Bi (Br) > 
^andbyCorollary|423l-Bi(5fl) < We conclude that if s > 2 then -61(5/) = 
SeeSSl 

Example 4.25 (Infinite strip: proof of the optimality in Theorem TV). Let Sr, = {x = 

{x',Xn) : x' e \0 < Xn < 2i?}.Ifs > 2. then combining Theorem l4.17l and Theorem 
I4.22l we can prove that Bi{Sr) = 0. In fact we have B^ISr) = for any 1 < /3 < s - 1 
and in particular we will prove that if 7 = 1, there is not positive constant C such that 
KT3l holds for 7 = 1. To see this pick any = e Cl{W-^) such that sprt{0} c 
Bi c M"^, where Bi is the open ball in M""^ with radius 1 centered at 0'. Let r] > 
and set 0^ = 0r)(a;') := 4>{r]x'). Note that sprt{0^} c Bi/^. Let also < e < 5 for some 
fixed 6 < Riso that d{x) = xj- The quotient in correspondence with (14.1311 is 

As in the proof of Theorem 14.221 we test (14.2811 with Ue,n{x) := X{e,5){xn)<Pr){x') to arrive 
at 



M,J\-^X^xjR)dXr. 



where we have set := /^^^ |0^(x')|dx' and i^T^ := /g^^ |Va;'0^(x')|dx'. Changing 
variables by y' = 6x' we obtain 



4.3 The case of a ball 
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where Mi = /^^ W)W and = J^^ \Vy>(f){y')\dy'. Thus 



Now we select r] = for some fixed e > 0. We deduce 



Ql[Ue,v] 



-X{e/R)' 



It follows that Qi[ue,ri\ as e | 0. Thus for Vt = Sr inequality (14.131) does not hold 
when 7 = 1 and the exponent 1 on the distance function in the remainder term in 
II4.13I) cannot be increased. 



4.3 The case of a ball 

In this section we assume is a ball of radius R. Without loss of generality we assume 
it is centered at the origin and denote it by Br. The distance function to the boundary 
is then d{x) = R — r where r := \x\. Moreover, 

11 — 1 

-Ac?(x) = xgS^\{0}. (4.29) 

This section is devoted to the proof of the following fact (Theorem III of the introduc- 
tion) 

Theorem 4.26. (1) Forallu e C^{Br), s>2 and-/ > 1, there holds 

[s]-l 

f I VmI , , X /" ImL n — 1 f \u\ , C f \u\ / d \ , 

where C > 7 - 1 . The exponents s-k;k = 1,2, ...,[s]-l, on the distance junction as well 
as the constants {n - l)/R^] k = 1,2, [s] - 1, in the summation terms are optimal. If 
7 = 1 the above inequality fails in the sense o/ fl4.33D . 



(2) Forallu e C^{Br), 1< s <2 and'j > 1, there holds 
IVmI , , , ,x /" |m| , C C \u\ /(i 



where C > 7 - 1. If'j = 1 the above inequality fails in the sense of l\4.33\i 
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Remark 4.27. The optimality of the exponents and the constants stated in the above 
Theorem is meant in the following sense: for any s > 1 set 



1^ 



Jbr " Jbr 
and also for any s > 2 set 

Im[u] := Io[u]-^—- ^TZ^dx, m = 1,..., [s] - 1. 

k=i 

Then for any s > 2 



inf = J ^ (4.32) 

n6C-(BB)\{0} J^^ l^dx [0, if(3> s-m-1 



for all m G {0, [s] - 2}. Further, for any s > 1 

inf Ip^M _ (^_33^ 

nGC-(BB)\{o} J^^ Mx(d/i?)dx 

Proof. Inequality (14.311) is evident by Theorem I4.11[ Let s > 2 and 7 > 1 . Since 
inequality (I4.30D is scale invariant it suffices to prove it for i? = 1. Testing Il4.ll) with 

T{x) = -id{x)Y-'[l - {d{x)y-'X^-\d{x))]Vd{x); x E Bi\ {0}. 

we arrive at 



[ div(r)|«|dx = ^dx+ /" ii(l-rf-iX^-i(rf))(-Arf)d 

+(7-1) / \:^x\d)dx 

Thus, using (14.291) for _R = 1 we obtain 



X 



div(T)|M|dx = {s-l)f ^dx + (n-l)/ ^l-J—^^l^dx 
B, Jb, Jb, d^-' l-d 

+ (7-1) / ^X^(rf)da;. (4.34) 
Jbi d 

Since s > 2 we take into account in (I4.34D the fact that 

fc=i 



4.3 The case of a ball 
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and finally arrive at 

r I I '"^"^ r \ \ r \ \ 

JoN > {s - 1) ^dx + - 1) E l^d^ + (7 - 1) ^X^(rf)dx, 

which is jOUJ for = 1. 

We next prove II4.32I) . Suppose first that 2 < s < 3. In this case all we have to prove 
is that 

inf = J (4.35) 

«eci(Bi)\{0} /^^ gdx [ 0, if/3>s-l. 

To this end we pick us{x) = XB^^si^) where x e Bi and < 5 < 1. This function is 
in BV{Bi) and we can take a C~ approximation of it, so that the calculations bellow 
to hold in the limit. The distributional gradient of us is Vus = -i^dBi_s^dB-^_s and the 
total variation of Vus is | Vm^I = Sqe^.s ■ Using co-area formula we get 

/qK] ^ 5^-'\dB,^s\ - {s - 1) /o''(l - rY^\dBMr 



Thus 



/oK] r n-l, if/3 = s-l 

< , as (5 1 0. 



/s.^dx [ 0, if/3>.-l 

Assume next that 3 < s < 4. This time we have besides II4.35D to prove that 

h\u] \ ri-l, if/3 = s-2 
ini n — = { 

n6C-(Bi)\{0} J^^ H^3; 1^ if /3 > S - 2. 

Picking the same us as before and performing the same integration by parts in the 
second term of the numerator, we conclude 

h[us\ _ in -I) - r)i-V"-Mr - {n - I) - rf-'r'^-^dr 



/^^^dx /;-^(l-r)-/^r«-Mr 

jl'\l-r)-Pr^-^dr' 
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Thus 



hius] ( n-1, if(3 = s-2 

< , as 5 4, 0. 



/i^.^dx ( 0, if(3>s-2 

We continue in the same fashion for 4 < s < 5, then 5 < s < 6 and so on. 

Next we prove II4.33I) . We pick us as before and perform the same integration by 
parts, to get 

_ (n-l) J^'\l - r)i-^r"-2dr -{n-1) J^tti Io'\^ - r)'=-V"-Mr 



//-^°^'t-i(l-ei-*)«-^dt 



Since [s] - s > -1 we have Ns = 0^(1) as 5 i 0. Also, Dg > J^'^°^U'^dt + Osil) 00 
as 5 I 0. ■ 



Chapter 5 



Hardy- Sobolev type inequalities for 
p > n - Distance to the origin 



In this chapter we will prove Theorems V, VI and VII stated in the introduction. These 
theorems are the content of the work IIPs2l . In this chapter we set 



I[u] := / iVwI^dx — ( j / -j— — dx; p > n, 

whenever M e C^in \ {0}). 



\p 



5.1 The Hardy- Sobolev inequality for 2? > n > 1 

In this section we prove Theorem V. For n = 1, by (12.261) we have 



1 



u{x) < - I \u'{t)\dt 



R 







[sening u{t) =f-^/Pv{t)) < - t'-'/P\v'{t)\dt + r'/P\v{t)\dt 

2 Jo 2p Jq 

< / t^-^^P\v'{t)\dt, 
Jo 

by (12.11) for g = 1 and s = 1/p. The proof follows applying Holder's inequality and 
using dZTOl) for p > 2 or (I2TT2]| if 1 < p < 2. We omit further details. 
Assume next that n>2. From Lemma l2.16l we get 

u(x) < / ^ -T^dz, 

nUn Jn F - z\ 

forx e Q. Setting ■u(2) = |2;|^~"/Pf(z), we arrive at 

, / M / /• |z|^-"/P|Vi;(^)L p-n f \v{z)\ 



Q \x — z\^ P Jn \z\'^^^\x — z\^ ^ 

V ' V 

= :K{x) =:A(x) 



60 



Hardy-Sobolev type inequalities for p> n- Distance to the origin 



We first estimate K{x). Using Holder's inequality we get 

i-i/p / ^ ^ i/p 

rlr I 

la; _ ^|(n-l)p/{p-l) 



K(x) < I / „ \, ^, dz 1 I / IzlP-^'lVvizWdz 1 . (5.2) 



= :M(x) 

NotethatM(x) is finite since {n — l)p/{p—l) < nif andonly ifp > n. To estimate M(x) 
we setR := [C"'{Q) /w„]^/", so that the volume of a ball with radius R to be equal to the 
volume of Q. Then M (x) increases if we change the domain of integration from Q to 
Br{x). Therefore 

M{x) < I -f^—^^—rdz 

= na;„^[£"(r])/u;„](^'-")/"(^'~i), (5.3) 
p — n 

and using (I2.10D in the second factor of II5.2D . we get 

K{x) < Cl(r^,p)[£"(^])]l/"-^/P(/[?i])l/P. (5.4) 

Next we bound A{x). Using Holder's inequality with conjugate exponents p/{p-l-e) 
andp/(l + e), where < e < (p - n)/n is fixed and depending only on n, p, we get 

f 1 y-<'+"/7 , L,(,)|,/(i+.) V'*'"' 



=:M(e,a:) 

Note that M(£, x) is finite since (n — l)p/ {p — 1 — e) < n if and only He < {p — n) jn. 
As before, we set i? := /w„]^/" and M{e, x) increases if we change the domain of 

integration from Vt to Br{x). Therefore, 

M(e,x) < [ \. — - — rdz 

= nujn ^~^~^ [£"(l])/a;J(P-"-""^/"(P-^-"\ (5.6) 
p — n — ne 

and using inequality 112.51) of Remark 12.41 with s = n/{l + e) and q = p/{l + e) in the 
second factor of (I5.5D . we obtain 

^ (i+£)/p 



5.2 An optimal Hardy- Morrey inequality for n = 1 
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Using once more Holder's inequality with conjugate exponents 1 + 1/6 and 1 + e, we 
get 



n(r)\n/n-l/p-e/p 



1/(1+^)- 



\z\'f-''\Vv(zWdz 



l/p 



(l+£)/P 



= C2(n,p)[£"(fi)]i/"~i/P| / \z\P-''\Vviz)\Pdz 
by (IZTOll . The proof follows inserting ^J} and (l5^ in (Oil . 



(5.7) 



5.2 An optimal Hardy- Morrey inequality for n = 1 

Theorem VI in the one-dimensional case has an easier proof. We present it in this 
separate section. Firstly note that it suffices to restrict ourselves in the case Q = (0, 1) 
We start with the following lemma 

Lemma 5.1. Letq > 1, /3 > 1 - g. There exists a positive constant c = c{q, (3) such that, 

for all V e C^{0, 1) and any D > 1 

sup \\v{x)\X^^+'^''^/'^ix/D)} <c( [\''-'\v'it)\'iX^{t/D)dt] . 
xe(o,i) ^ \Jo J 

Proof. Letting D > 1, we have 

v{x) = - [ v'{t)dt 



X 



< [j t-^X-^/^'i-^\t/D)dt\ ij f-^\v'{t)\'^X^{t/D)dt 

where in the last inequality we have used Holder's inequality with conjugate expo- 
nents q and q/{q - 1). Since v e C^{0, 1) the second integral is actually over (x, 1). In 
addition 



so that the left integral can be computed. We find 

,{x)\<c(^X'^-^/'^'^-'\x/D)-iy j\'i-^\v'{t)\''X^{t/D)dt 
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where c = [{q - l)/(g - 1 + /3)]^-^/«, or 

t'?->'(t)|''X'^(t/D)dt j . 

The result follows since (1 - X^P+''-^^/^'i'^\x/ D))^-^/" < 1, for all x e (0, 1]. ■ 

We proceed by proving Theorem VI with one point in the Holder seminorm taken 
to be the origin. In particular, we have 

Proposition 5.2. Letp> 1. There exists positive constant Cp depending only on p, such 
that for all u e C^(0, 1) and any D > 1 

< CpmV^'- (5.8) 

XG(0,1) [x^ ^'^ J 

Proof. We set v{x) = x~^'^^^Pu{x). If 1 < p < 2, by Lemma lSTTl for q = p and (3 = 2 — p, 
we have 

\vix)\X^/^{x/D) < Cp(^j\f~'\v'it)\PX^-'\t/D)dt 

for any D>1. The result follows by ll2J2l) . If p > 2, by Lemma[5J]for g = 2 and /3 = 0, 
we have 



\w 



{x)\X^/\x/D) <Cp\ t\w'{t)\Mt 



X V2 







for any w g C^(0, 1) and any > l.Forw(x) = we obtain 

\v{x)\X^/^{x/D) < Cp(^j\\vit)f-^\v'{t)\^d?j . 

The result follows by dZTTl) . ■ 

Now we use (I5.8D to obtain its counterpart inequality with the exact Holder semi- 
norm. 

Proof of Theorem VI in case n= 1. For 0<y<x<lwe have 
\u{x)-u{y)\ = I u\t)dt 

(setting =ti-i/Pt;(t)) < r t'''/P\v'{t)\dt+^^ H-^dt. (5.9) 

■.=K(x,y) ■■=Mx,y) 
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To estimate K{x, y) we use Holder's inequality to get 

^ i/p 



y 



(bydZJOD) < c,{p){x-yy-'^^{I[u]y/^ 

< c^{p)ix-yY-'/PX-'/'^{{x-y)/D)iI[u]Y/P, (5.10) 

for any D > 1, since < X(t) < 1 for all t e (0, 1]. To estimate A(a;, y) we return to the 
original variable byf (t) = thus 



Inserting II5.8I) in A (a;, y) we obtain 

Hx,y) < C2(p)(/[m])'/^ / t-^/PX-^/P{t/D)dt 

Jy 

< c,{p){x-yY-^'^'X-'/^{{x-y)lD){I[u]Y'^, (5.11) 

for any D > e^, where t] depends only on p, due to Lemma A.l-(ii) for a = —l/p and 
/3 = 1/p. Coupling 115.101 1 and 115.111) with 115.91 1. we end up with 

\u{x) - uiy)\ < c,{p){x - yf-''^X-''%{x - y) / D){I[u]Yl^ , 

for all < ?/ < X < 1 and any -D > e'', which is the desired estimate with B = e''. ■ 

5.3 A nonhomogeneous local remainder 

Here we prove Theorem VII in case G -Br - To emphasize that under this assumption 
we will prove II1.29D for general p,q > I satisfying 1 < q < p, p ^ n,we present it as 
a separate theorem. The proof in case ^ Br and p > nis given after the proof of 
Proposition l5.4[ 

Theorem 5.3. Suppose Q is a bounded domain inR"-, n>2, containing the origin and 
letp 7^ n andl < g < p. There exist constants Q = Q{n,p,q) > andC = C{n,p,q) > 
such that for all u e C^{fl \ {0}), any open ball Br withr e (0, diam(fi)) andO e Br, 
and any D > e®diam(fi) 

——da; I 

' Br 



M /. W^'^ <C /jV<d.-|l^|7^^d. .(5.12) 



whereXit) = (1 - \ogt)-^; t G (0, 1]. 
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Proof. Let be a bounded domain in containing the origin and let 1 < g < p, p 7^ 
n. Suppose u e C^{^ \ {0}) and let also Br be any ball containing zero in its closure 



withr G (0, diam(n)). Setting n(a;) 



I l—n/p 



v{x) we get 



Br 



\u\ 



\x\ 



-dx 



< 



1 Br 




V 


1 


pq 1 


.n{p - 







dx 



|9(p-n)/P|Vi;|9dx 



Br 



^■.Nr 



pq 



n{p-q) jQBr l^l"""^^ 



X ■ udSx, (5.13) 



= :Pr 



where we have used Lemma |23] for V = Br and s = nq/p. We use Holder's inequality 
with conjugate exponents p/ {p - q) and p/q, to get 



n\{p-q)/v I 



Nr < (a;„r") 
(by dm) < Ci{n,p,q)r 



q/p 



|x|P-"|Vt;|Mx 



Br 



m) 



l/p 



< Ci(n,p,g)r"(P~«)/PX-«/f(r/D)(J[M])''/J', (5.14) 
for any D > diam(fi) since < X(t) < 1 for all t e (0, 1]. For Pr we write first 



dBr 



X- 





V 


g 


\x 


^nq/p 



< 



{p-q)/p 



X-'i'^P-'i\\x\/D)x-UdSx 



dBr 



l/p 



dBr 



\x\ 



-X{\x\/D)x-vdSx (5,15) 



■.Sr 



where we have used once more Holder's inequality with exponents p/{p - q) and p/g. 
Note that u is the outward pointing unit normal vector field along dBr and that since 
G -Br we have x ■ v >Q for all x g dBr- By the divergence theorem we have 



div[X 



-g/{p-i) 



{\x\/D) x]dx 



Br 



n / X-''/^P-'^\\x\/D)dx 



P-QJb.. 



Xi-?/(p-'?)(|x|/D)d 



x 



< n X-«/(P-'?)(|x|/D)dx, 

JBriO) 
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since the integral increases if we change the domain of integration from Br to 5^(0). 
Thus 



< C2(n)r"X-«/(P-'?)(r/D), (5.16) 

for any D > e^^ diam(fi), where r] >0 depends only on n,p, q, due to Lemma A.l-(i) for 
a = n-1 and f3 = q/{p - q) in the Appendix. Tr will be estimated after an integration 
by parts. More precisely 

f , (X(\x\/D) V f X(\x\/D) 

Tr= divj ^ ; ' xUv\Pdx+ / „ ^ o: ■ V(|t;|^)dx. 

I ^ I B-p I I 

A simple calculation shows that div{ ^^|^l{^^ x} = for any x g ^] \ {0}. In the 

second integral we compute the gradient and note that x ■ V\v{x) \ < \x\\Vv{x) \ for a.e. 
X eQ. Thus, 

Tr < [ Y^XWx\/D)dx + p [ \x\^-''\v\P-^\Vv\X{\x\/D)dx. 
Jn FT Jn 

We rearrange the integrand in the second integral above as follows 



Tr < 



\x\ 



\v\ 



^X2(|x|/Z})dx+p^{|a:r-"/>r/2-i|Vt;|}{|^X(|x|/D)}da; 



1/2 / \ 1/2 



< / lll_xWx\/D)dx+p{ I |a;p-"|t;|P"2|Vt;|Ma; I | / l^^xWx\/D)dx 

n FT 

by the Cauchy-Schwarz inequality. According to Theorem l2.11l -(i). there exist constants 
6 > and 6 > 0, both depending only on n, p, such that for any D > sup^.gQ I a; I, the 
first term and the second radicand on the right hand side (when returned to the ori- 
ginal function by v{x) = are bounded above by bl[u]. Due to 112.111 1, the 
first radicand is also bounded above by C{n, p)I[u] . It follows that 

Tr<C3in,p)I[u], (5.17) 

for any D > e^sup^g^ |a;|. Setting 6 = max{9,r]} and noting that e Q implies 
sup^gQ |x| < diam(n), we insert (15.161) and 115.171 1 into estimate (15.151) to obtain 

Pr < C4(n,p,g)r"(P-«)/PX-«/P(r/D)(J[M])^/P, 

for any D > e®diam(fi). The last inequality together with (15.141) , when applied to 
estimate (15.131 ), give 

\u\" 



Br 



a; 9 



dx < C^{n,p,q)r''^P-''^l'PX-'i/P{r/D){I[u]ylP. 



for any D > diam(fi) . Rearranging, raising in 1/g and taking the supremum over all 
Br containing zero with r g (0, diam(fi)) , the result follows. ■ 
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5.4 An optimal Hardy- Morrey inequality for n>2 

In this section we prove Theorem VI when n>2. We first obtain 111 .281 1 with one point 
in the Holder seminorm taken to be the origin. More precisely, we prove 

Proposition 5.4. Letp > n>2 and suppose Q is a bounded domain mM" containing 
the origin. There exist constants > and C > both depending only on n,p, such 
that for allu e C^{^ \ {0}) andanyD > e® diam(fi) 



X 



en Fl 



|gi^xVP(|a:|/D)|<C(/M)Vp. 



sup <^ ^^X^/P(|a;|/D) < C{I[u]Y/^. (5.18) 



Proof. Let i?r be a ball containing zero with r g (0, diam(ri)) andsetu^,, = \Br\ ^ udz. 
Letting x e Br, the local version of the representation formula (Lemma l2.19l) asserts 

\u[x)-ub,.\ < — I r^dz. 



nUn J Br \X- Z 



SettingM(z) = \z\^ "/Pf(z), we arrive at 



u{x)~UBr\ < / — . — dz4 



\z\ 


1—n/p 


\Vviz)\ 




\x — z\ 


n— 1 





viz)\ 


\z\ 


\n/p 


\x — z\ 


\n-l 



-■.Kr{x) =:Ar{x) 



We will derive suitable bounds for Kr{x), Ar{x). For Kr{x) we use Holder's inequa- 
lity 

^ , 1-Vp / „ \ i/p 



Both integrals increase if we integrate over Br{x) and Q respectively. Hence 

Computing the first integral and using (I2.10D for the second, we arrive at 

Kr{x) < Ci(n,p)r^-"/P(/[M])i/P 

< Ci{n,py-''/PX^^/P{r/D){I[u]y/P, (5.20) 

for any D > diam(i7), where the last inequality follows since < X(t) < 1 for all 
t e (0, 1]. Next we bound Ar{x). Using Holder's inequality with conjugate exponents 
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p/{p - I - e) and p/ (1 + e), where Q < e < {p - n)/nis fixed but depending only on 
we obtain 

=:M,.(x) 

By (15.61 1 and returning to the original function on the second integral on the right of 
(15.2111 , we obtain 



Br 



\Z 



|p/(l+e) 



Using Theorem VII with q = p/{l + e), 

= C3{n,py-''/PX-'/P{r/D){I[u]Y^/P, (5.22) 

for any D > e® diam(i7), where depends only on n, p, e (and thus only on n, p). 
Applying estimates (15.221 1 and (15.201 1 to estimate (I5.19I I. we finally conclude 

\u{x)-UB^ < C4(n,p)ri-"/PX~i/P(r/Z})(/M)i/P, (5.23) 

for all X E Br and any D > e® diam(fi). Since e Br, it follows from (16.211 1. that 



< Ci{n,py-''/PX~^/P{r/D){I[u]y/P. 



Hence 



\u{x)\ < \u{x) - Ub,.\ + \uBr\ 

< 2C4{n,py-''/PX-^/P{r/D){I[u]yP, 

for all X e Br and any D > diam(fi). Now iix E Vl, we consider a ball Br of radius 
r = |x|, containing X. Then the previous inequality yields 

\u{x)\ < C{n,p)\xy''/PX~^/P{\x\/D){I[u]yP, 

for any D > e® diam(fi). Rearranging and taking the supremum over all x e Q, the 
result follows. ■ 

Completion of proof of Theorem VII. Let r e (0, diam(fi)) andp > n. Using (I5.18D we 
obtain 

ImK / f 1 

' -dx < Ci{I[u]yp / II / ^ / ,1 I /^x dx 



~ Ixl^^/fX^/Pda;!//}) 



= c%w„(/[m])'?/p / r-^-"''/px-^/*'(t/D)dt 

< C{n, q, p)r"-"«/PX-'?/P(r /D) (/[m] 
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for any D > maxje"', e®} diam(fi), where r] = r]{n,p, q), by Lemma A.l-(i) (with a = 
n - 1 - nq/p and (3 = q/p). Rearranging, raising in 1/q and taking the supremum over 
all Br with r G (0, diam(i7)), we arrive at (11.291) without having assumed e Bj.. ■ 

Now we utilize II5.18I I in order to obtain its counterpart inequality with the exact 
Holder seminorm, i.e. inequality (11.281) . 

Proof of Theorem VI in case n>2. Letting x,y e fl with x y,we consider a ball Br 
of radius r ■= \x - y\ containing x, y. Note that r e (0, diam(l])). We have 

\u{x)-u{y)\ < \u{x) - UBr\ + \u{y) - UBr\ 

< 2LS [ |V"(f)l,d.+ / l^-WI d.). ,5.24) 



= :J{x) =:.J{y) 

where we have used Lemma 12.191 twice. We will bound J{x) independently on x 
so that the same estimate holds also for J{y). We start with the substitution u{z) = 
|z|i-"/Pw(z),to get 





v{z)\ 


\z\ 


\n/p 


\x — z\ 


n-1 



= :Kr{x) =:Ar{x) 

We estimate Kr{x) in the same manner as in (I5.20D . So 

Kr{x) < Ci{n,py-"'/PX-^/P{r / D){I[u]y/P, (5.26) 

for any D > diam(i7). To estimate Ar{x) we return to the original function by v{z) = 
thus 



Ar(x) = / — ; -dz. 

Inserting (15.181 ) in we obtain 



for any > e® diam(l]). Using Holder's inequality with conjugate exponents Q and 
Q' = Q/{Q where n < Q <pis, fixed but depending only on n, p, we deduce 

-Q/p \ 1/Q / \ 

Arix) <C,{n,p){I[u]y/^{ I ^— S^d. / .L-.o> dz 
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Note that both integrals above are finite since nQ/p < n if and only HQ < p, and 
{n — 1)Q' < nif and only ifn<Q. Further, both integrals increase if we integrate over 
Br{0) and Br{x) respectively. Therefore 

Q/' \ ( \ i/Q' 

i/Q 

C3{n,p){I[u]Y^p{ I r-^-'^^/PX-^/P{t/D)dt] r"/^'-«+\ (5.27) 



Br(0) / \ JB 



for any D > e® diam(fi). LemmaA.l-(i) for a = ti — 1 — nQ/p and [3 = Q/p ensures the 
existence of constants r/ > and c > both depending only on n, p, Q (and thus only 
on such that 

pr 

Jo 

for any D > eJ^ diam(i7). Thus (15.271 1 becomes 

A^(x) < C4(n,p)ri-"/PX-i/P(r/D)(J[M])i/P, (5.28) 

for any D > e®' diam(l]) where 0' = max{6, r]}. 

Summarizing, in view of (15.2611 and (15.2811 . estimate (15.251 1 becomes 

J(x) < C5(n,p)ri-"/PX-i/f(r/D)(/[M])i/P, 
for any > e®' diam(fi). The same estimate holds for J{y) and thus (16.221 1 becomes 

|M(a;) < C6(n,p)r^-"/PX-i/P(r/D)(/M)i/P, 

for any D > e®' diam(i7). The proof of (11.2811 in case n > 2 is completed with B = 

.0 m 



5.5 Optimality of the logarithmic correction 

In this section we prove the optimality of the exponent 1 /p on X, in the Holder semi- 
norm inequality (11.281) of Theorem VI. Note that we can pick one point in (I1.28D to 
be the origin, and therefore it is enough to prove the alleged optimality in (15.1811 and 
i5M . 
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We consider the radially symmetric, Lipschitz continuous function 



Us[X) 



5^ < \x\ < 5^ 
< \x\ < 5^ 



{5\x\Y{l + H\og{\x\/5^)), 6^ < \x\ < 6' 
- H\og{\x\/6^)), 53 < |x| < 52 
6^", 52 <\x\<6 



log (5 ' 



6 <\x\ <1 



where < 5 < 1 and H := {p- n)/p with p> n>l. With us we associate the quotient 



Qe[us;x] 



-, 0<e<l/p, 6^<\x\<l. 



\us{x)\\x\-^+''/pX^/p~'{\x\/D)'- 

Note that due to 115.1811 and (15.81) (and after an approximation of us by smooth func- 
tions), we have Qo[us; x] > C, for some positive constant C = C{n,p). To prove that 
the exponent 1 /p on the correction weight X cannot be decreased, we fix < e < 1/p 
and taking x such that \x\ =6^we will prove that Qe[us; 6^] as 5 | 0. 

We begin by computing/ [725]. Setting := {x eW : 6^ < \x\ < 6'''^}, k = 1,...,6, 
we have I[us] = J2l=i I[u5]{Ak), where 



I[us]iAk) :-- 



\Vus{x)\^dx - HP 



\x\P 



■dx, k = 1, 6. 



By the fact that us is radially symmetric, we may use polar coordinates to get 



I[us]{Ak) = nu„ 



/ \u'i{t)\H''-^dt-H'P / \us{t)\n''~^~Pdt 



k = 1,...,6, 



where us{t) = us{x) with t = We then have 



nUr. 



log^(l/5) 



iog^(i/5) " ^i°g(Vi)rdt - j\'\H\og{i/t)rdt 

/•e-Vff „i „i 

/ + / t-^\l- H\og{l/t)\Pdt- / t-^{H\og{l/t)ydt 

Js Je-i/ff Js 



nu. 



{p+l)H 



^S'P^\ogil/6) 



H - 



log(l/5)V ' Vlog(l/5), 

where (since we will let 5 | 0) we have assumed 6 < e~^/^ in order to get rid of the 
absolute value. Now we compute 



p+i 



H 



I[us]{Afi) = nur, 



log^(l/5) 



/ t-\l + H\ogit/5^)yPdt- / t-\H\ogit/5^)Ydt 



nu, 



P+i 



P+i 
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Thus I [us]{Ai) + I[us]{Ae) 
2nu!r, 



{p + l)H 



log(l/5). 



The factor in the square brackets is of order o(l), as 5 | 0. Since if = (p - n)/p, we get 



I[us]{Ai) + I[us]{Ae) = o{S^^-^^ log(lA)), as 5 ; 0. 
Similarly, 



(5.29) 



I[us]{A2) = 



52 



p 



and 



I[us]{A,) 



54 



2P I fP^-^dt- I fP^-^dt 

55 



54 



5B 



Hence 



I[us]{A2) + I[us]{A,) = !^//p-i(2f- 2)5^^(1-0 
Finally, the first summand of the last pair is 



(5.30) 



/;(-Hio4)VM«-£(i-Hio4)v. 



dt 



and the second one 



p+1 V "^5/ 



l\p+i 



1 + 



(//log|)p+i 



- 1 + 



no;. 



1 - 2^+^ 



o u/ l\p+ir/ 2 / 1 \p+i 

^i/*.>"'(log^) [(1 + ^) -{^^H^) +(^,ogl).« 



Adding, we find I[us]{A^) + /['U5](^4) 
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The factor in square brackets is of order h^'^^\^^{T/s)) ^ as 5 | 0, and we get 

I[us\{A^) + I[us\{A^) = pnujnH^^P~^^5^~''{\og{l/5)Y-^ + o{5^~^ {\og{l / 5)Y-^) , (5.31) 

as (5 I 0. From II5.29I I. (15.3011 and (I5.31I I. we see that the leading term in I[us\, comes 
from I[us\{A^) + I[us\{A/^). More precisely 

I\us\ = j9na;„i/2(P-i)5P-"(log(l/(5))^-i + o{5''-'\\og{l / 5))"-^) , 

as 5 I 0. Finally, we compute the denominator of Qe[us] 5^] 



^i-n/P(l + i7 iog(l/5))(l - \og{6^ / D))-^'^^' 
3^5i-n/pQQg(i/^))i-i/p+. ^ o(5^""/P(log(l/5))^-^/^') 



as 5 J, 0. Dividing the two endmost relations we conclude 




[5P-«(logl/5)P-i + o(5P-"(log(l/5))P-^)]i/P 



5i~"/p(log(l/5))i-i/p+^ + o(5i-"/p(log(l/5))i-Vp) 



-)■ 0, as (5 1 0. 



Chapter 6 



Hardy- Sobolev type inequalities for 
p > n - Distance to the boundary 



In this chapter we will prove Theorems VIII, IX and X stated in the introduction. The 
proofs appear here for the first time. In this chapter we set 

/N:=/jV„rd.-(^)'/^y:d.; p>l. 

whenever u g C^{n). Recall that d = d{x) := dist(x, W\n);x e n. 



6.1 The Hardy- Sobolev inequality for ]9 > n > 1 

In this section we prove of Theorem VIII. For n = 1, by (12.2611 we have 

1 /-^ 

u{x) < 77 / \u'\dt 

2 Jo 

{setting uit) = {d{t)Y-^/Pv{t)) < - d^-^^P\v'\dt + d-^/p\v\dt 

2 Jo 2p Jo 

< / d^-^^P\v'\dt, 



by (12.21 1 for g = 1 and s = 1/p. The proof follows applying Holder's inequality and 
using (12.1311 for p > 2 or (12.1511 if 1 < p < 2. We omit further details. 
Assume next that n>2. From Lemma l2.16l we get 

nUn Jn F - z\ 
for X eQ. Setting u{z) = {d{z)y~^^'Pv{z) we arrive at 

nun u(x) < / ,' , ^ '^ dz+- / , „ ' ^' — —dz. 6.1 

' ^ ^' - Jn \x-z\^-^ p J^idiz)y/p\x-z\^-^ 

' V ' ^ V ' 

= :K{x) =:A{x) 
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We first estimate K{x). Using Holder's inequality we get 

i-i/p 



K{x) < 



1 



la; _ _2|(n-l)p/{p-l) 



l/p 



(P-'\Wv\Pdz 



(6.2) 



■.M{x) 



By (15.31 1 and using 112.1311 in the second factor of (16.21) we get 

K{x) < Ci{n,p)[r{n)Y'''-^^'P{I[u]f'P. (6.3) 

Next we bound A{x). Using Holder's inequality with conjugate exponents p/{p-l-e) 
andp/(l + e), where < e < (p - is fiKed and depending only on n, p, we get 



A{x) < 



1 



l-(l+e)/p 



(l+£)/P 



(6.4) 



=:Af(e,a;) 



By (15.61) and using inequality (12.81) with s = !/(! + £:) and q = p/{l + e) in the second 
factor of (16.41) . we obtain 



"('OAll/"-l/p-e/p 



-M)dz 



Using once more Holder's inequality with conjugate exponents 1 + and 1 + £ in 
both terms inside brackets, we get 



A{x) < Csin,p)[rin)] 



n(Q\]l/n-l/p-£/p 



e/il+e) 



+ ( [ d{-Ad)dz] I [ \v\P{-Ad)dz 
Integration by parts shows that d{-Ad)dz = C"-{Q). Thus 



l{l+e) 



(l+£)/P 



A{x) < Cs{n,p)[rm 



< C,{n,p)[r{n)] 



j dP-^\Vv\Pdz^ \v\^{-Ad)dz 

/ c/P-^|Vt;|Pd2+ / \v\P{-Ad)dz\ , 
Jo, Jn J 



where the last inequality follows by the fact that a^/^ + fe^/*? < 2^-^^'^{a + hf/'^ for all 
g > 1 and a, h nonnegative. By (I2.13D we conclude 

< C5(r2,p)[£"(r])]^/"-i/P(/[n])i/P. (6.5) 

The proof follows inserting (16.51) and (16.31 ) in (16.11) . ■ 
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6.2 An optimal Hardy-Morrey inequality for n = 1 

We present it in this separate section the proof of Theorem X. Firstly note that it suf- 
fices to restrict ourselves to the case = (0, 1). We start with the following lemma 

Lemma 6.1. Letq > 1, f3 > 1 - q. There exists positive constant c = c{q,f3) such that, 

for all V e C~(0, 1) and any D > 1/2 



sup < c( I d''-^\v'\''X^{d/D)dt+\v(l/2)\'i 



a;G(0,l) 



1/9 



Proof. Letting D > 1/2 we have for any x e (0, 1) 



/•1/2 

v{x) = - / v'dt + v{l/2) 

J X 



< 



^1/2 



1-1/9 


1-1/2 


1/9 




/ d''-^\v'\''X^{d/D)At 


+ 




J X 





+ K1/2)|, 



by Holder's inequality with conjugate exponents q and q/{q - 1). Since 

[X-^-mi-i)^d{t)/D)]' = ( - 1 - ^^Yd{t))-^X-^/^i-^\d{t)/D)d'{t), 

recalling that = lift e (0, 1/2) andd'{t) = -lift e (1/2, 1), the left integral above 
can be computed. We find 



1/2 



d-'X-^/^''-^\d/D)dt 



q-1 



P + q-1 

for all X e (0, 1). In addition, the second integral satisfies 



^-1-/3/(9-1) (^/2L>) - X-l-/3/(9-l) (^d{x) /D) I , 



1/2 



di-^\v'\''X^{d/D)dt 



< [ d''-^\v'\''X^{d/D)dt, 
Jo 



for all X e (0,1). Coupling the above estimates we arrive at 



\v{x) 



< c 



X-^-^/(i-'\l/2D)-X-'- 



■/3/(9-l) 



{d{x)/D) 



1-1/9 













1/9 



+ k(l/2)|, 
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where c = c(g, (5) = [(g - + q- 1)]^-'^'^ or 



< c 



X(1/2L)) / 



+ K1/2)|, 

where we have also used the fact that < 1 for all x e (0, 1), since 

^ > 1 - q. Next, since d{x) < 1/2 in (0, 1) we have 



X(d(x)/D)\i+/3/(9-i) 
X{1/2D) ) ~ ^ 



< 1. 



Hence 

1/9 

\v{x)\X'^^+'^~^^/'^{d{x)/D) <c{ I d''-^\v'\'^X^{d/D)dt\ +\v{l/2)\. 



The desired inequality follows using a^/^ + 6^/^ < 2^ ^/^(a + 6)^/^, for all g > 1 and 
a,b>0. U 

Next we prove the counterpart of Proposition 15 .21 

Proposition 6.2. Letp > 1. There exists positive constant c, depending only on p, such 
that for all u e C^{0, 1) and any D > 1/2 

sup \Tj^^^^^X'Hd{x)/D)} < c(/M)i/^ (6.6) 



xG(0,l) 



(c/(x) 



Proof. We set u{x) = d{xy ^^Pv{x). If 1 < p < 2, by Lemma leyTl for q = p and (3 = 2 — p 
we have 

|w(x)|Xi/P(c/(x)/Z)) < c| / dP-^\v'\PX^-P{d/D)dt + |t;(l/2)|P ' 



for any D > 1/2. The result follows by (I2.15II . If p > 2, by Lemma [6?n for q = 2 and 
/3 = we have 

\w{x)\X^/\d{x)/D) <c{ / |w(l/2)|2 



for any If e C~(0, 1) and any D > 1/2. Forw{x) = we obtain 

\v{x)\X^/P{d{x)/D) <c{ I d\v\P-^\v'\^dt+\v{l/2)\P 



6.2 An optimal Hardy- Morrey inequality for n = 1 
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The result follows by (l214l) . ■ 

Now we use (I6.6D to obtain its counterpart inequality with the exact Holder semi- 
norm. 

Proof of Theorem X. For 0<y<x<lwe have 

\u{x) — u{y)\ = / u'dt 
(setting = < [ d^-^/f\v'\dt+^^^ [ d^^P\v\dt. (6.7) 

Jy P Jy 

" V ' ^ V ' 

■.=K{x,y) ■.=A{x,y) 

where we have used the fact that \d'(t)\ = 1 a.e. in (0, 1). To estimate K(x, y) we use 
Holder's inequality to get 

^ i/p 

K{x,y) < (x-yy-^/^l / d^-^lv'l^di 

y 



(by (EH) < c,{p){x-yf-''^{I\u]f/^ 

< c^ip)ix-yy-'/PX-'/Piix-y)/D){I[u]y/P, (6.8) 

for any D > 1 since < X{t) < 1 for all t e (0, 1]. To estimate A(a;, y) we return to the 
original variable by f(t) = {d{t)y^P^^u{t). Thus 



A{x,y) = ^dt. 
Inserting II6.6D in K{x, y) we obtain 



Kx,y) < C2(p)(/M)^/P / c/-i/PX-^/P(rf/D)dt 

Jy 

< c,{p){x -yf-^'^X-^'^iix -y)/D){I[u]Y/P, (6.9) 

by virtue of Lemma A.l-(ii) in the Appendix. Coupling II6.8D and (I6.9D with 116.71) we 
end up with 



\u 



x)-u{y)\ < c,ip)ix-yY-'/^^X-'^^iix-y)/D)iI[u]Y/^, 



for all < ?/ < a; < 1 and any D > 1, which is the desired estimate. 

The proof of the optimality of the exponent 1/p on X follows by considering the 
function us as defined in §5.5 for sufficiently small 6, so that the distance in (16.61 1 is 
taken only from 0. The computations then are identical to §5.5. ■ 
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6.3 A Hardy- Morrey inequality for n>2 and Q = Br 

In this section we prove Theorem IX. We start with 

Proposition 6.3. Letting p > n > 2, there exist constants Q > and C > both 
depending only on n, p, such that for all u e C^{Bji) and any D > e^R 



f \uix)\ ^i/r>(dixh^ ^ 

where X{t) = (1 - logt)-\ t e (0, 1]. 



Br X p / Jb^ dp 



i/p 

, (6.10) 



Proof. Letting x e Bjiwe pick ^ e OBr such that r := d{x) = |x - ^| and we consider 
the ball For u e C^{Br) we set 



JBr(i) 



u{y)-UB,{^)\ < z— I T7. Zw^^^- 



Letting y e Br{^)n B^ we get from Lemma lZTTQl 

2" f \Vu{z) 

nujn jBr(o \y - A 

Setting u{z) = {d{z)y^^^Pv{z) we arrive at 

nu^n. , , I , /■ idiz)y-yP\Vviz)\ ^ 
^u{y)-UB,. < / . —I dz 

2" Jbas) \y-z\ ^ 



--■.Kr(y) 



P-llf ^il£L^d,, (6.11) 

p Jb,((> W^)y"\y - A"-' 



We will derive suitable bounds for Kr{y), Ar{y). For Kr{y) we use Holder's inequa- 
lity 

Both integrals increase if we integrate over Br{y) and Br respectively. Thus 



6.3 A Hardy- Morrey inequality forn > 2 andQ = Br 
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Computing the first integral and using (I2.13D for the second we arrive at 

Kr{x) < Ci(n,p)ri-"/P(/[M])i/P 

< Ci(n,p)ri~"/PX-i/P(r/D)(/[M])i/P, (6.12) 

for any D > i? since X{t) < 1; t G (0, 1]. 

Next we bound Ar{y). Using Holder's inequality with conjugate exponents p/{p - 
I - e) and p/{l + e), where < e < {p - n)/n is fixed but depending only on n, p, we 
obtain 

r 1 . I yi+^v- 

My) < I / 1 „ , / ' 1,,,^ , dz (6.13) 



=:Mr(y) 

By iSM and using (ISill for V = Br{0, s = 1/(1 + e) and q = p/{l + e), we get from 
([fell 

^ V ' 

= :Nr 

JdBriO 

V ' 

= :Pr 



+ / d'/^^+'^\v\P^^^+'\-Ad)dz I , (6.14) 



where u is the outward pointing unit normal vector field along dBr- Now we need to 
estimate Nr, Pr and Qr- For A^^, we use Holder's inequality with conjugate exponents 

1 + 1/e and 1 + £ to get 

Nr < fa;„r")^/(^+") ( / d^-^\Vv\^dz' 



' Br 

(bv 112131) ) < C3(n,p)r"^/(i+")(/[n])i/(i+") 

< C3(n,p)r"^/(i+")X-i/(i+^)(r/D)(/[M])i/(i+"), (6.15) 

for any D > R, since X(t) < 1 for all t e (0, 1]. Now set 

dB+iO ■={zeBn:\z~^\=r and Vd{z) ■ u{z) > 0}. 
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Then P, increases if we change the domain of integration from dBr{i) to dB^{^). 
Hence for any D > R 



< I / dX-^/'{d/D)Vd-iydS^ 

\ JdB+(£) 



V- 



= :Sr 

X / \v\PX{d/D)Vd-udsA , (6.16) 

V 

=:Tr 

where we have used once more Holder's inequality with exponents 1 + 1/s and 1 + e. 
Noting now that u = z/r, quantity Sr can be computed: 



Sr < rX-^''{r/D) ! \Vd-v\ 

JdB+(£) 



\dS. 

< nuJnr''X-^/'{r/D). (6.17) 

Due to the special geometry of the ball, we may find a supplemental surface a in 
which Vd ■ z/ = and such that 95+ (^) U a enclose a set A c Br. Now Tr may be 
estimated after an integration by parts. More precisely, 

Tr ^ [ \v\PX{d/D)Vd-iydS, 

JdA 



div^X{d/D)Vd^\v\Pdz + j X{d/D)Vd-V{\v\P)dz. 

A simple calculation shows that div{X(rf/D)V4 = dr^X^{d/D) - X{d/D){-Ad), in 
the sense of distributions. In the second integral we compute the gradient and note 
that Vd-V\v\<\Vv\, a.e. in A. Thus, 

Tr < [ ^-^X\d/D)dz- [ \v\PX{d/D){-Ad)dz+p I \vY'-^\Vv\X{d/D)dz 

J A " J A J A 

< I ^^X^{d/D)dz+p [ \v\P-^\Vv\X{d/D)dz, 
Jbr d Jb„ 



'Br " JBr 

where se have used property {€) . We return to the original function u by recalling that 
v{z) = {d{z)y^P~^u{z) in the first integral, and rearrange the integrand in the second 
one: 



Tr < 



^-^X''{d/D)dz + p I |dV>|^'/2-^|V^;|}{d-^/>|^/'X(d/L>)}dz. 



6.3 A Hardy- Morrey inequality for n > 2 andQ = Br 
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According to Theorem 12.1 II - (ii). there exist constants 9 and c > 0, depending only on 
n, p, such that for any D > Re^, the first term on the right hand side is bounded above 
by cl[u]. For the second term we may use Cauchy-Schwarz inequality. It follows that 



Tr < cl[u]+p( [ d\v\P-^\\/v\Mz] ( [ d-^\v\PXWz\/D)dz 

\JBii J \Jbr 

< ci[u]+pic-i,i[u]y/'{ci[u]y/' 

= C,{n,p)I[u], (6.18) 

by dm and Theorem IZTTj -fin again. Setting 6+ = max{0,^}, by and 
estimate (16.161 1 implies 

Pr < Cr,{n,p)r"'/^^+'^X~'^^^+'\r/D){I[u]y/^'+'\ 

for any D > Re^^ . To estimate Qr, we apply Holder's inequality as follows 

\ / \ 1/(1+^) 

Qr < { d{~Ad)dz] / \v\P{-Ad)dz 



< cJriBriOr^Bj,)- [ 

\ Ja 

< cJ£"(5,(0)+ / 

\ Ja 



d\/d-vdSA f / \v\^{-Ad)dz 

asrio J \Jbr 

ddS, 
laBriO J 

< c„,pr"^/(^+^H/[n])^/(^+^) (6.19) 
Inserting (16.191 1. (16.151) and the above inequality in (16.141) . we obtain 

= CG{n,py-''/PX-^/P{r/D){I[u]y//P, (6.20) 
for any D > Re^^ . 

Applying estimates (16.201 1 and (16.121 1 to estimate (16.111 1. we finally conclude 

\u{x)-ubA < Cj{7i,py-''/PX-^/P{r/D){I[u]y/P, (6.21) 
for all X G Brio n Bn and any D > Re^^ . It follows from (E^D for x = ^, that 



r^Br 



< C7in,py~''/PX^^/P{r/D){I[u]Y/P. 



Thus, 



\u{x)\ < \u{x) - Ub,.{() \ + \uBr{^)\ 

< 2C7{n,py"'/PX-^/P{r/D){I[u]yP, 
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for all X G -Br(0 H-Br and any D > Re^^ . Now if x e Br, consider a ball 5^(0 of radius 
r = d{x), centered at ,^ = a; - rVd{x). Then the previous inequality yields 

\u{x)\ < C{n,p){d{x)y-''/PX~^/P{d{x)/D){I[u]y/P 

for any D > _Re^^. Rearranging and taking the supremum over all x e Br, the result 
follows. ■ 



Proof of Theorem IX. Given any two points x,y e Br with x ^ y,we note that either 

|a; - yl > ^ A or |x - y| < ^ V In the first case we have 

\u{x)-u{y)\ < \u{x)\ + \u{y)\ 

< c[^id{x)y-^/PX-'/P{d{x)/D) + idiy)y~-/^X''/%diy)/D)Yl[u]y/P, 

for any D > e®i?, where we have used 116 .101) twice. For any D > R, the function 
f{t) := is increasing in (0, R), thus d{x) A d{y) < 2\x - y\ implies 

\u{x) - u{y)\ < 22-"/PC|x - ?/|i-"/PX~i/P(|a; - y\/D){I[u]Y/P, 

for any D > max{4i?, e^R}. 

It remains to consider the case where \x-y\ < ^ V Let for example \x-y\ < 
Consider the ball Brix) with r := 3|a; - y\/2. We have 

\u{x)-u{y)\ < \u{x) - ub,(x)\ + \u{y) - ub,{x)\ 

^ JY^,,^f ,6.22) 



-V ' ^ ^ 



= :J{x) =:J{y) 

where we have used Lemma l2?T9] twice. To estimate J{x) and J{y) , we let rj to be either 
xoiy. We start with the substitution u{z) = {d{z)y-^/Pv{z), to get 

V ' ^ V ' 

= :Kr{v) =:Ar(»?) 

We will derive suitable bounds for Kr{r]), Ar{r]). For Kr{r]) we use Holder's inequality 

Kr(r?) < I / \ri- z\-^=^dz) ( dP-^\Vv\Pdz) . 

Ifr] = y the first integral increases if we integrate over Br{y) instead of Br{x). Thus 
Kr{r]) < [ \ri-z\-^^dz] ( dP-^\Vv\Pdz] 

J Br (r)) J Br 

(bydZH) < (nUn^^y''^'r'-"^'{j-J[u]y/P 

< (3/2)i-"/PCi(n,p)|x - y\'-''/PX''/Pi\x - y\/D)iI[u]Y/P, (6.24) 



6.3 A Hardy- Morrey inequality for n > 2 andQ = Br 
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for any D > 2R, where the last inequality follows by the fact that < < 1 for all 
t e (0, 1]. To estimate Ar(?7) we return to the original function by f (2;) = {d{z)Y/p^'^u{z), 
thus 

A^(^) = / dz. 

JBrix) d{z)\T] - Z|" 1 

Inserting 116 .101 1 in A,. (77), to obtain 

AM<rMn.muV"[ '"'-"'T^'r'fW^^' d.. ,6.25, 

JBrix) \V " ^\ 

for any D > e^R. To estimate the above integral we note that if 2; g Br{x) and e SBr 
realizes the distance of z to the boundary dB^, then we obtain 

d{.z) = - z\ 

(triangle inequality) > - x\ - \z - x\ 

{d{x) := inf^fzgBiilC, — x\) > d{x) — \z — x\ 

{z e Br{x)) > d{x)-r 

(by hypothesis: d{x) > 2\x — y\ = 4r/3) > r/3. 

Thus d{z) > r/3 for all 2; e Br{x), and II6.25I I becomes 

Kiv) < C2in,p)r-^/^X-'/^{r/D)iI[u]Y/P [ ^d^, 



Br(x) \V- Z 



for any D > max{6i?, e^R}. If r] = y the last integral increases if we integrate over 
Br{y) instead of Br{x). Thus 



Mv) < C2(n,p)r-''/PX-^/P(r / D)(I[u]y/P / —dz 

jBrin) \v - ^r^' 

= nuJnC2{n,py-''/PX~^/P{r/D){I[u]y/P 

= nUr,{3/2y-^/PC2{n,p)\x - y\'-"'/PX-'/P{\x - y\/i2D/3)){I[u]y/P, (6.26) 
for any D > max{6i?, e®R}. Inserting (lelM and S62^ in we get 

J{V) < C3{n,p)\x - yl'-^/^X-'/^ilx - y\/ D){I[u]y/P, 
for any D > max{6-R, e®R}. Estimate II6.22II now gives 

on+l 

Hx) - u{y)\ < Cs{n,p)\x - (|x - y|/D)(/[n])i^ 

for any D > max{6-R, e®R}. ■ 
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Appendix 



Some calculus lemmas 

The following technical fact concerns the auxiliary function X{t) = (1 - logt)"^ t e 

(0,1]. 

Lemma A.I. Let a > -1 andp,R > 0. For all r e {0,R], allc > l/{a-\- 1) and any 
D > e^i?, wherer] := max{0, we have 

(i) r t''X-^{t/D)dt < cr"+^X-^(r/L>). 
Jo 

If a is restricted m (-1, 0] then for allO <y < x < Rwe have 

(ii) f rX-'\t/D)dt<c{x-y)''+^X-^{{x-y)/D). 
Jy 

Proof. Let c> and D > R.We set 



f{r):= rX-^{t/D)dt-cr''+^X-^{r/D), re{Q,R]. 
Jo 



To prove (i) it suffices to show that for suitable values of the parameters c and D, we 
have /(r) < for all r e (0, R). We have /(0+) = and thus it is enough to choose c 
and D in such a way so that / is decreasing in {0,R). To this end we compute 

/'(r) = cr"X-^(r/D)[l/c- (a + 1) + /3X(r/D)], r G (0,i?]. 

It is easy to see that for c > l/(a + 1), any D > e^R is such that /'(r) < for all 
r e (0, R). To prove (ii) we note that since / in decreasing, < y < x < R implies 
f{y) > /(x), and so 



reX-^{tlD)dt < c[x''+^X-^{xlD)-y''+^X-^{ylD)\ 

Jv 



< c(x"+i -y"+i)X-'^(x/D) 

< c{x-+^-y^+')X-f'{{x-y)/D), 



86 



Hardy-Sobolev type inequalities for p> n- Distance to the boundary 



where the last two inequalities follow since X ^{r/D) is decreasing in (0, R). If a G 
(-1,0] then - < (a; - and the result follows. ■ 

The next lemma was used in ^2.1.2[ 

Lemma A.2. For any p > 1 and all a, b we have: 

(i) ifl <p <2 then 

' ' ' ' - 16 {\a-h\ + \a\Y-P ' 

(ii) ifp > 2 then 

(a) \a-b\^-\a\^> ^j^r^l^l" - PWr'ci ■ b, 

(b) \a-b\^-\a\^> ^^_,^^l,_^^ \ar'\b\' - p^r'a ■ b. 



Proof. Parts (i) and (ii)-(a) are proved in detail in the Appendix of jLndqv) . To prove 
(ii)-(b),if |6| > |a|/2 then it follows from (ii)-(a)that 

la - b\P - |a|P > r— ^ -\a\P-V - p\a\P-^a ■ b. 

On the other hand, if \b\ < \a\/2 then \a - ^b\ > \a\/2 for all ^ e (0, 1). Hence, taking 
the Taylor expansion of f(t) = |a - fotp around t = we have (for some ^ e (0, 1)) 

\a-b\P = \a\P-p\a\P-^a-b + ^^^^^^\a-^b\P-\{a-^b)-b)^+p\a-^b\P-^\b\^ 
> \a\P-p\a\P-^a-b+-^\ar^\b\\ 

The constant obtained in the case \b\ < |a|/2 is smaller and thus works simultaneously 
for both cases. ■ 
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